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Preface

A great number of research works and practical implementations have con-
firmed the interest of mathematicians and computer scientists in developing
and applying the methods of universal algebra. The aim of universal algebra
is to extract the common elements (concepts, results and constructions) of
algebraic structures, which can be identified as central entities for a large vari-
ety of the basic algebraic structures: group, semigroup, monoid, ring, module,
lattice, semilattice, Boolean algebra and so on.

In general, an algebraic structure uses at least one algebraic operation.
Two kinds of such operations can be considered: partial operations and total
operations. The subject treated in this volume includes both the first and the
second kind of operation. There are several motivations for this subject:

e Mathematicians are interested to study the common constructions of
some mathematical structures in order to distinct them from the specific
constructions.

e The computer scientists are interested to study this domain because a
lot of problems implemented on computers were modeled by using the
tools of universal algebra.

e The interest for the study of partial algebras can be explained by the
fact that specific problems connected by partial computations have been
encountered in mathematics (partial division for integer numbers, par-
tial subtraction of natural numbers, the inverse of a matrix in numerical
analysis) and are encountered today in mathematics of computer science
(partial recursive mappings, partial computations in automata theory,
answer function of the knowledge representation and processing systems,
logical computation with respect to the semantics of logic programs, par-
tial morphisms in algebraic models for knowledge representation, partial
computations in the domain of the reasoning modeling, partial compu-
tations in the computability domain). As a consequence of this interest
several new structures are developed today: test algebras, orthomodular
algebras, many-sorted algebras and so on.

We give now a short description of the contents of the present volume. Chap-
ter 1 provides the fundamentals of ordered sets (partial mappings, partial
order, dual order, duality principle) and partial X-algebras (morphisms, sub-
algebras, free generated algebras). Chapter 2 deals with the Peano X-algebras



(the construction of such structures, the isomorphism of the Peano algebras
generated by the same set). Chapter 3 provides the basic properties of a
fundamental structure named lattice. We describe the concepts of lattice in
the sense of Ore and the lattice in the sense of Dedekind. We prove they are
equivalent structures. Finally the concept of Boolean algebra is defined in a
concise manner as a specialized form of lattice. In Chapter 4 we treat some
distinctive problems concerning the results specified in the previous chapters.
In the final of this volume we included Chapter 5, which should be viewed
as a chapter describing some possible ideas to initiate the reader in a re-
search activity allowing to obtain new results in these domains. Several open
problems are specified here.

The most properties included in this volume are accompanied by their
proofs. We consider that following these proofs the reader is able to obtain
a better understanding of the concepts. On the other hand we intended to
disengage the reader from an additional activity if the proofs are requested.

Besides the general interest to study the domain of universal algebra there
is a specific feature of this aspect which is described by a ”local” interest.
The aim of the present volume is twofold and reflects the author’s interest:

e to give a concise mathematical background for the course of ”Com-
putability and Deduction in Artificial Intelligence” (first year, Master
in Computer Science, University of Craiova);

e to offer an initial study for Ph.D. students in informatics.

We relieve the fact that only the concepts and results used for a better under-
standing of the mentioned course are presented in this volume. The following
topics of this course benefit of all results:

e the computability of the answer mapping of the knowledge systems based
on inheritance;

e knowledge modeling by labeled stratified graphs;

e knowledge modeling by semantic schemas.

The text included in this volume is not an encyclopedic one. We hope the
reader will find in this volume a concise description of the main results and a
helpful literature to apply the algebraic methods in knowledge representation
but not only.

It is not possible to finalize this preface before to thank Professor Sergiu
Rudeanu. Under his guidance I obtained the first research results in this
domain.

This volume is addressed to graduate students (master in computer sci-
ence, Ph.D. students in informatics) and, in general, to each person which
intend to apply universal algebras in various domains.

Nicolae Tandareanu June 2006



1. Basic concepts of universal algebra

In this chapter we describe some of the basic concepts of universal algebra.
The main concepts treated here are the following: partial order and partially
ordered sets, duality principle, partial algebra, closed sets and partial sub-
algebras, algebraic induction, morphisms of partial algebras, free generated
algebras.

1.1 Notations, basic concepts and results

We denote by N the set {0,1,2,...} of all natural numbers. We recall the
basic concepts and notations from set theory.

We consider a non empty set A. The notation B C A specifies that B is
a subset of A. If B C A and B # A then we write B C A. The empty set is
denoted by 0.

The Cartesian product of the sets X1, Xo, ..., X,, is the set

X4 XXQX...XXn:{(LL'l,...,.’En)‘.’EiEXi,Z’:L...,n}
For a subset X C X7 X X2 X ... x X, and 5 € {1,...,n} we denote
ijX:{xer\El(xl,...,xj_l,x,xj+1,...,xn)EX}

and this set is named the projection of X on the axis j.

We define A° = {(} and for n > 0 we denote by A" the Cartesian product
A x ... x A of n elements. By 24 we denote the power set of A, i.e. the set
of all subsets of A.

The words mapping and function are used as equivalent concepts. A map-
ping f from A to B is a set f C A x B such that

(xayl) Efv(xay2) Ef:>y1 = Y2

We denote dom(f) = pr1f and this set is called the domain of definition of
the mapping f. If dom(f) C A then f is a partial mapping. Otherwise we say
that f is a mapping on A.

The classical notation to indicate that f is a mapping from A to B is
f:A— B.If (x,y) € f then we denote y = f(z).
For a mapping f : dom(f) — Y and X C Awe denote
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f(X) =A{y | Fz e Xndom(f): f(z) =y}

and this is the image of the set X by the mapping f. Particularly we denote

val(f) = f(dom(})).
If f is a (partial) mapping from A to B and Y C B then we denote

f7HY) = {z e dom(f) | f(z) € Y}
For a total mapping f : A — B we have
X CA= X C fYf(X)) (1.1)
YCZCB= fT'(Y)C [ 2) (1.2)

We write f < g if f : dom(f) — A and g : dom(g) — A are two
functions such that dom(f) C dom(g) and f(z) = g(x) for all x € dom(f). If
this is the case, we say that f is a restriction of g.

If f: A— Band g: B — C are two mappings then we denote by
g o f the mapping go f: A — C defined by go f(x) = g(f(x)). This is the
composition operation or the superposition of two mappings.

We denote by 14 the mapping 14 : A — A defined by 14(z) = « for
each x € A. An useful property is given in the next proposition.

Proposition 1.1.1. If f: A — B and g : B — A satisfy the identities

gof=1a,fog=1p
then

1) f and g are bijective mappings
2)g=f"

Proof. Ifzy,ze € Aand f(z1) = f(z2) then g(f(x1)) = g(f(x2)), therefore
x1 = xo. Thus the mapping f is injective. Let be y € B. For z = g(y) we
have f(z) = f(g(y)) = 1p(y) = y, therefore f is surjective. Similarly we
prove that g is a bijective mapping. If f(x) =y then 14(z) = g(f(x)) = g(v),
i.e. x = g(y). Conversely, if x = g(y) then f(z) = f(g9(y)) = 15(y) = y. Thus
f(x) =y if and only if z = g(y). This establishes the relation g = f~1. ]

A binary relation on the set A is a subset p C A x A. In the vision of
the usual relation < between the real numbers we denote zpy instead of
(x,y) € p. A binary relation p is a partial order if the following conditions
are satisfied:

o Reflexivity: zpz for all x € A
o Antisymmetry: zpy Aypr = x =y for all x,y € A
e Transitivity: xpy A ypz = zpz for all z,y,z € A
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If zpy or ypx then the elements x and y are called comparable elements.
Otherwise  and y are incomparable elements. If, in addition of reflexivity,
antisymmetry and transitivity we have xzpy or ypx for every z,y € A then
we say that p is a total order on A.

A partially ordered set or poset is a pair (A, p), where p is a partial order
on the set A. If p is a total order then this pair is a totally ordered set.

For a subset P C A an element z € A is a lower bound of P if zpzx for all
x € P. An element 2y € A is the greatest lower bound of P if

e 2 is a lower bound of P;
e for every lower bound z of P we have zpz.

We remark that although p is a partial order, if zj is the greatest lower bound
of P and z is a lower bound of P then zy and z are comparable elements and
moreover, we have zpzy. Equivalently we say that zq is the infimum of P and
we denote zg = inf,P. If 29 = inf,P and 2o € P then 2 is the least or the
first element of P. The element inf,P, if exists, is unique.

An element u € A is an upper bound of P if xpu for all z € P. An element
ug € A is the least upper bound of P if

® g is an upper bound of P;
e for every upper bound u of P we have ugpu.

The same remark as in the case of inf,P can be relieved here: the least
upper bound is comparable with each upper bound. Usually we say that the
element ug above defined, if exists, is the supremum of the set P and we
denote ug = sup,P. If ug = sup,P and ug € P then ug is the last or the
greatest element of P. The greatest element of a subset, if exists, is unique.

For a binary relation p on A we can define the dual relation, denoted by
p and defined as follows:

TPy < Ypx

Obviously the dual relation p of a partial order p is also a partial order.

Using the duality mentioned above we obtain dual concepts. For example,
suppose « is a lower bound of the set P C A in (A, p). This means that apx
for all z € P. Equivalently we have xpa for every x € P. Thus, a lower bound
in (A, p) is an upper bound in (A, p) and vice versa. Thus the concepts of lower
bound and upper bound are dual concepts. Similarly, the least element and
the greatest element are dual concepts.

From a sentence S stated in the terms of some domain we can obtain
another statement S by replacing each concept by its dual. The statement S
is named the dual of S. Particularly, this aspect can be relieved for theorems,
i.e. for sentences that are proved in the corresponding domain. Based on the
following principle we can save the proof of some theorems:

Proposition 1.1.2. (Duality principle, Gratzer (1971))

If T is a theorem in the theory of partially ordered sets then its dual T is also
a theorem in the same domain.



10 Nicolae Tandareanu

For example, it is known the following theorem T": The supremum of a subset,
if exists, is unique. The dual T is the sentence The infimum of a subset, if
exists, is unique and this is a theorem in the theory of partially ordered sets.
In virtue of the duality principle it is not necessary to give a proof of T'. As a
matter of fact, the proof of T' can be easy obtained by duality from the proof
of T.

If does not exist any confusion, the index p from the notation inf,P or
sup, P is omitted.

Ezample 1.1.1. Take the set A = {2,3,4,6,12} and the relation ”divides”,
xzpy if and only if = divides y. Consider P = {6,12}. The elements 2 and
3 are lower bounds of P and they are incomparable elements. The greatest
element of P is 12.

If (A, p) is a poset then we say that = is covered by y in A and we write zp.y
if xpy, * # y and from zpz and zpy we deduce z = z or z = y. In other
words, there isn’t any element ”between” x and y. Based on this relation
we can represent any finite partially ordered set by a picture called Hasse
diagram. In order to obtain such a diagram we proceed as follows: we draw
any element of A by a circle and if ap.b then we draw the circle of b above
the circle of @ and then we join the two circles by a line segment. An example
of such representation is given in Figure 1.1, where A = {0,a,b,c,1} and
0 is the least element, 1 is the greatest element, a and b are incomparable
elements, b is covered by ¢, inf{a,c} = 0, sup{a,b} = sup{a,c} =1 and so
on. We observe that from a Hasse diagram we can rebuild the initial relation
p by means of the sequences of covered elements and using also the reflexivity
of the relation p. For example, we have 0p.b, bp.c and cp.1. It follows that
0pc, bpl by such sequences of covered elements and then bpb by reflexivity.

Fig. 1.1. Hasse diagram

A binary relation p on the set A is an equivalence relation if the following
conditions are satisfied:

o Reflexivity: xzpx for all z € A;
e Symmetry: xpy = ypx for all z,y € A;
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o Transitivity: xpy A ypz = xpz.

For an element x € A we define the equivalence class of x as follows:

(2], = {y € A | ypz}

Proposition 1.1.3. (Burris (1981))
If p is an equivalence relation on the set A then:

o x € [x], for every x € A;

o if apy then [z], = [y],:

o cither [a], N [y], = 0 or [a], = [4],.
Proof. By the reflexivity property of p we have x € [z],. Suppose zpy.
By symmetry and transitivity of p we have zpx if and only if zpy, therefore
[z], = [y],- Suppose now that [x],N[y], # @ and take an element z € [z],N[y],.
It follows that zpz and zpy therefore zpy. Thus [z], = [y],. |

1.2 Partial algebras: definitions and examples

The domain of universal algebras extracts and generalizes basic concepts and
results from various algebraic structures. By this process not only an unitary
theory is obtained but also the results can be successfully applied to new
contexts. In this section the reader is familiarized with background concepts
of this domain. The first concept is given in the next definition.

Definition 1.2.1. (Burmeister (2002))

We consider a nonempty set A and a natural number n € N. By an n-ary
partial operation on A we understand a partial mapping f from A™ to A.
This means that f : dom(f) — A, where dom(f) C A™. In the case when
dom(f) = A™ we say that f is an n-ary operation on A. The number n is
called the arity of A.

Let us consider an operation f of arity zero. We have two cases:

- if f is a partial operation then dom(f) C A°, therefore dom(f) = 0;

- if f is an operation then dom(f) = {0} therefore f is completely deter-
mined by the image f(0) of the only element () in A°; for this reason we
can identify f by f() and therefore an operation of arity zero on A can
be identified with an element of the set A.

We assume that X is a set of operation symbols and let a : X' — N be a
mapping, that is dom(a) = Y. For every o € X the natural number a(o) is
the arity of o.

Definition 1.2.2. (Burmeister (2002))
By o partial Y-algebra we understand a pair

A= (A{oa}oex)
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where A is a set and for every o € X the elemant o4 is a partial operation
on A of arity a(o). In the case when o4 is an operation of arity a(o) for
every o € X, we say that A is a Y-algebra. The system (a(0)),ex is the
signature of X. For the particular case when X is a singleton, i.e. ¥ = {o}
for some symbol o of arity a(c), we say that A is a partial o-algebra.

For some values of arity the corresponding operation has a special name. The
most encountered cases are the following:

- for a(c) = 0 we have a nullary operation o;
- for a(o) = 1 we have an unary operation;
- for a(o) = 2 we have a binary operation.

For example, we consider X' = {¢} and o a symbol of arity 2. The pair
A = (A,{0a}), where A = {0,2,4}, dom(ca4) = {(0,0),(2,0),(4,0),(4,2)}
and o4(x,y) = x — y is a partial X-algebra. If we consider B = (B, {op}),
where B = {0,1,2} and op(z,y) = max{z,y} then we obtain an example of
X -algebra.

We consider an equivalence relation p on A, where A is the support
set of the partial X-algebra A = (A,{ca}sex). The set of all equiva-
lence classes is denoted by A/, and this set is named the factor set. Fre-
quently a congruence is used instead of an equivalence relation. In compar-
ison with an equivalence relation, a congruence introduces a compatibility
property with the operations from .A. More precisely, an equivalence relation
p is a congruence if for every o € X and every (z1,...,2.0)) € Alo)
Y15+ Ya(o)) € A% the following conditions are satisfied: if (x1,y;) €
Py (Ta(o) Ya(o)) € p and (x1,...,24()) € dom(ca) then (y1,...,Ya(0)) €
dom(ca) and (0A(1,. .., %a(0)); 0AWYL - - - Ya(e))) € P-

If p is a congruence on A then we can obtain the quotient algebra denoted
by A/p = (A/p7 {aA}UGE)v where

dom(ca) = {([x1]p, - - [Ta)]p) | (T1,. .., Ta(e)) € dom(oa)}
5A([«751]p7 ey [xa(g)]p) = [UA(-Th . ,xa(a))]p
We observe that this definition does not depend on representatives. Really,
if (z1,91) € o,y (Za(o)s ya(g)) €p arid ([z1]py - - -5 [Ta()]p) € don(EA) then
([yl]p? R [ya(a)]p) € dom(UA) and UA([xl]p’ R [xa(a)]p) = UA([yl]m B

[Ya(o)]p)- We observe that the quotient algebra has the same signature as the
initial algebra.

In the final part of this section we specify several examples of algebras and
we will observe that for each case the operations satisfy certain identities.

Ezample 1.2.1. (Semigroup, Burris (1981))
A semigroup is an algebra (S, {-}) of signature (2) such that the following
property is satisfied:

- (y-z)=(x-y) 2
for each z,y, z € S. If this identity is satisfied then we say that the operation
is associative.
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Ezample 1.2.2. (Monoid, Burris (1981))
A monoid is an algebra (M, {-,e}) of signature (2,0) such that the following
property is satisfied:

- (y-z)=(z-y) 2

for each z,y,z € M.

Ezample 1.2.3. (Group, Burris (1981))
A group is an algebra (G, {-,7!, e}) of signature (2,1, 0) such that the follow-
ing relations are satisfied:

z-(y-z)=(x-y)-zfor each z,y,z € G;
x-e=e-x =z for every z € G,

z-z =zl z=cforevaryz € G

A group is called a commutative group or Abelian group if x -y = y - x for
every x and y.

Ezample 1.2.4. (Ring, Burris (1981))
A ring is an algebra (R, {+,-,—,e}) of signature (2,2,1,0) such that the
following relations are satisfied:

(R,+,—,e) is an Abelian group;

(R, ) is a semigroup;

z-(y+2)=(x-y)+ (v-z) for each z,y, 2z € R;
(x+y)-z=(x-2)+ (y-2) for every z,y,z € R.

A ring with unit is a ring containing an element denoted by 1 such that
x-1=1-2 =z for every x.

Other classical algebraic structures such as module, semilattice, lattice,
Boolean algebra, Heyting algebra, cylindric algebras can be defined as X-
algebras (Burris (1981)).

Ezample 1.2.5. (Partial algebras of binary relations) We consider a nonempty
set S. If p; € 25%% and py € 29%5 then we define:

props={(z,y) €S xS|3z€S:(x,2) € p1,(2,9) € p2}

We remark that the following case can be encountered: p; # 0, po # 0
and nevertheless p; o po = 0. For some applications the empty relation is
not a useful one. In order to avoid this situation we introduce the mapping
prods : dom(prodg) — 25%5 as follows:

dom(prods) = {(p1, p2) € 2555 x 2555 | py 0 py # 0}
pT’OdS(Ph Pz) = P10 P2
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We denote by R(prodg) the set of all restrictions of the mapping prodg:
R(prods) = {u | u < prodg}

We observe that if u is an element of R(prodg) then the pair (2% u) is a
partial algebra. This is a useful partial algebra in the domain of knowledge
representation by algebraic methods.

We remark now that although prodgs is an associative operation and u <
prodg the operation u can be a non-associative one. Take for example S =
{x1, 29,73, 24,75} and the following elements of 2%*5:

p1 = {(z1,72)}; pa = {(x2,73), (T2, 74) };
p3 = {(23,74) }; pa = {(74,75)}; p5 = {(z2,74) };
pe = {(v2,25)}; pr = {(w1,25)}

Let us consider the mapping u < prodg, which is defined as follows:

dom(u) = {(P27,03), (,057[)4), (Phpﬁ)}
u(pa, P3) = Ps; U(P5,P4) = ps;u(m,ps) = p7

We observe that u is not an associative operation. Really, u(p2,u(ps, pa)) is
not defined, whereas u(u(p2, p3), p4)) = pe-

1.3 Closed sets and partial subalgebras

In this section we treat a basic concept of algebra, which is encountered
in all classical algebraic structures under the name of substructure such as
subgroup, sublattice, subspace of a linear space and so an. In general, a
substructure of a structure is a subset which is itself a structure if we consider
the same operations as in the initial structure. The next definition states this
concept in the context of partial algebras.

Definition 1.3.1. Let A = (A,{0a}sex) be a partial X-algebra. A sub-
set B C A is a closed set in A if for every o € X the following con-
dition is fulfilled: for every (x1,...,%4)) € dom(oa) N B we have
CTA(:El, ce ,xa(g)) € B.

Remark 1.3.1. The empty set is a closed set.

Ezample 1.3.1. We consider the monoid N' = (N, {on,7n}), which is a X-
algebra of signature (2,0), ¥ = {o,7} and oy : Nx N — N is the operation
on(z,y) = v+ y and 75 = 0. The pair B = (B,{op,75}), where B =
{0,2,4, ...} is the set of even natural numbers and o, 7 are the restrictions
of o and Ty respectively, defines the submonoid B of N.

Definition 1.3.2. Let A = (A,{ca}sex) be a partial X-algebra. If B C A
then the closure of B in A is the least closed set containing B and this set
is denoted by B.
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Remark 1.8.2. If B is a closed set the B = B.

The existence of the closure of a set is obtained immediately from the
next proposition.

Proposition 1.3.1. Let A = (A,{oa}oecx) be a partial X-algebra and a
family {X;}icr such that X; C A for every i € I. If X; is a closed set in A
for every i € I then (;c; X; is a closed set.

Proof. Take (z1,...,%4(0)) € dom(oa) N (N;e; Xi)?). Because X; is a

closed set of A we have 04(21,...,%.)) € X; and this property is true for
every i € I. It follows that oa(z1,...,Za(e)) € ey Xi, therefore (o, X; is
a closed set. [ ]

Corollary 1.3.1. Let A= (A,{oa}sex) be a partial X¥'-algebra and B C A.
There is the least closed set B which includes B.

Proof. Take the family 7 of all closed sets such that each set includes B.

Applying Proposition 1.3.1 we obtain the closed set ﬂXej X and this is the

least closed set which contains B. [ |
The following useful proposition is obtained immediately:

Proposition 1.3.2. The following properties are verified:

0=0;
If X

e X =
Proof. If X C Y then the least closed set Y which contains Y is a closed set
which contains X. But X is the least closed set which contains X therefore
X CY. The set X is a closed set therefore by Remark 1.3.2 we have X =X.
|

Y then X CY;

STk

Remark 1.8.8. The property X NY = X NY is not true. Really, let us con-
sider the X-algebra A = (A,{oca}) of signature (2), where A = N and
oa(z,y) = x +y. Take X = {1,4} and Y = {2,4}. We have X NY = {4},
therefore X NY = {4n},>1. On the other hand we have X = N \ {0},
Y ={2n},>1. Thus we have 2 € X NY,but 2¢ X NY.

A concept which is frequently encountered in the theory of universal al-
gebras is given in the next definition.

Definition 1.3.3. (Burris (1981))
A mapping C : 24 — 24 is called a closure operator on A if for every
X,Y €24 the following properties are satisfied:

e (extensive) X C C(X);
e (idempotent) C(C(X)) = C(X);
e (monotone) X CY = C(X) C C(Y).

The following property is obtained immediately:
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Proposition 1.3.3. Let A = (A, {ca}sex) be a partial X-algebra. The op-

erator Cl : 24 — 24 defined by Cl(X) = X, where X is the least closed set
containing X, is a closure operator.

Proof. Immediate by Proposition 1.3.2. [ ]
In what follows we are interested to give an algorithm to compute the
closure B of the set B. The next two propositions give such algorithms.

Proposition 1.3.4. Let be B C A, B # 0. If we consider the sequence

By=B (1.3)
Boii =By U{oa(z) |0 € X,z edom(oa)N B}, n>0 '

then { By }n>0 is an increasing sequence and B = Un>o Bn-

Proof. We denote C = UnZO B,,. From (1.3) we have B,, C B, for
every n. Let us verify that C is a closed set. Take (x1,...,%Z4(0)) € c*o) n
dom(oa). There are ny,...,nqy) € N such that x; € B, forj =1,...,a(0).
Because {B,, }»>0 is an increasing sequence we have (1, ..., %)) € Bg(g),
where k = max{n,...,nq(r}. From (1.3) we deduce that o a(z1, ..., %4()) €
By11, therefore oa(1,...,24(s)) € C. In order to show that C' is the least
closed set which contains B we consider an arbitrary set Z such that

Z2OB
Z is a closed set

and we prove that C' C Z. We prove by induction on ¢ > 0 that
B, CZ (1.4)

For i = 0 the inclusion (1.4) is true because By = B and B C Z. Suppose
(1.4) is true for ¢ = m and take x € B,, 1. Two cases are possible:

e xr € By,
By the inductive assumption we have x € Z.

e 2 € Bpy1\ B
There are 0 € ¥ and (21,...,240)) € BX7 n dom(o 4) such that © =
oa(21,...,Ta(s)). By the inductive assumption we have B,, € Z. On the
other hand Z is a closed set, therefore x € Z.

Now the proposition is proved because from (1.4) we have | J,~, B, C Z. =
An useful property is stated in the following proposition:

Proposition 1.3.5. Let be B C A, B # (). If we consider the sequence

{Co:B

1.
Cn+1:BU{UA($)|O’€E,£L’€d0m(0'A)ﬂC»g(g)}, n>0 (L5)

then {Cy,}n>0 is an increasing sequence and B = |J,,~o Ch.



Basic concepts 17

Proof. It is easy to verify by induction on n that C,, = B,, for every n > 0,
where the sequence {B), }n>0 is defined in (1.3).

Obviously we have Cy = By. We suppose C,, = B,, and we prove that C;, 11 =
By, +1. Take an element z € C),+1. The following two cases are possible:

e xc B
In this case x € B, 41 because B = By C B, 41.

oz =0A(T1,...,2T4(0)) for some 0 € X and (21,...,24)) € dom(oa) N
CZ(J). By the inductive assumption we have C,, = B, and therefore

(T1,...,%q(e)) € dom(oa) N B From (1.3) we obtain @ € Bpy;.

Now we take x € B, 11. By similarity with the previous analysis we have also
two cases:

e xc B
In this case z € C),+1 because B C Cp, 1.
oz = 04(21,...,%4)) for some o € ¥ and (x1,...,2405)) € dom(oa) N

B, By the inductive assumption we have B, = C, and therefore
(T1,..., Za(e)) € dom(ca) N C4“) . From (1.5) we obtain z € Cyy;.

By Proposition 1.3.4 we have B = |~ Bn, therefore B = |J,,~, C\, because
B, = C, for every n > 0 and the proposition is proved. - [

Definition 1.3.4. Let A = (A,{0a}sex) be a partial X-algebra. If B C A
and B = A then we say that the partial X-algebra A is generated by B.

Definition 1.3.5. Let us consider a partial X-algebra A = (A, {oca}secx). A
partial subalgebra of A is a pair B = (B,{oB}scx), where

- BC A is a closed set;
- for each 0 € X we have dom (o) = B*?) Ndom(c4) and

UB($1,~~,%(U)) = UA($1,~-~;%(J))
for every (x1,...,2q(0)) € dom(op)

If C C A is a nonempty set and take B = C the we obtain the partial
subalgebra of A generated by C.

We remark that a partial subalgebra of a partial Y-algebra is itself a
partial X-algebra with respect to the restrictions of the operations o 4 to the
elements of B.

The next proposition states a result which gives a method by which we
prove some property for a given set of elements. We denote by P some prop-
erty. If an element 2 has the property P then we denote this fact by P(x).

Proposition 1.3.6. (algebraic induction)
Let A= (A, {oa}sex) be a partial X-algebra, a subset B C A and a property
P.If
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o (initial step) for every x € B we have P(z);
e (inductive step) for every o € X and every (x1,...,%4()) € dom(ca)
from P(x;) fori=1,...,a(0) we deduce P(oa(21,...,%q(0)))

then for every x € B we have P(z).

Proof. We denote D = {z € A | P(x)}. From the initial step we have
B C D and from the inductive step we deduce that D is a closed set. But B
is the least subset of A which is a closed set and includes B, therefore B C D.
]

Remark 1.3.4. The algebraic principle is known in literature also as struc-
tural induction. Various books (Rudeanu (1991), Burmeister (2002)) treat
this fundamental concept.

1.4 Morphisms of partial algebras

The concept of homomorphism is a central concept in algebra. A lot of prop-
erties are based on this concept. For the general case of partial algebras this
concept is defined as follows.

Definition 1.4.1. We consider the partial X-algebras A=(A,{ca}tscx) and
B=(B,{oB}secx). We say that the mapping h : A — B is a homo-
morphism or ¢ morphism of partial algebras from A to B if for every
(T1,...,Ta(e)) € dom(oa) the following conditions are fulfilled:

o (h(z1),...,Mz4(0)) € dom(op)
(] aB(h(xl), ey h(a?a(g))) = h(oA(le, ‘e ,$a(0)))

A bijective homomorphism is an isomorphism.

In order to give an intuitive representation of this concept we define the
product mapping

pe(@) . gale) __, galo)
by ha(a) (371, SRS ,.Z‘a([,)) = (h(xl), ceey h(xa(a))).

Because h is a homomorphism of partial algebras, in the diagram of Figure
1.2a) we have the following property: if we are able to go along the path
(A%(9) | A, B) then we are able also to go along the path (4(?), B4(?) B) and
we obtain the same result.

Proposition 1.4.1. (Rasiowa and Sikorski (1963)) We consider the partial

Y-algebras A= (A, {oa}oex), B=(B,{0B}scx) and C = (C,{oc}secx). If
h:A— B and g: B — C are morphisms then the superposition g o h is
a morphism from A to C.

Proof.
The morphisms h and g are represented in Figure 1.2b). Because h is
a morphism the following conditions are fulfilled for every (z1,...,%4()) €

dom(oa):
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A*) i A
Aa(g) A A ha(d) h
Y
a(o “(‘7>4>
pa(@) h B p B
a(o) alo
B - B PrIco g
Y Y
ce) C
oc
a) b)

Fig. 1.2. Morphism diagrams

o (h(z1),.. ., Mz4()) € dom(op)
° O’B(h(l’l), ey h(l’a(a))) = h(O’A(Il, e ,l’a(a)))

But g is also a morphism of partial algebras, therefore

hd (g(h(xl))7 s ’g(h‘(ma(o))) € dOTI’L(O’C)
b Uc(g(h($1)), s 7g(h(xa(a)))) = g(O-B(h(xl)v SR h(xa(a))))

It follows that for every (x1,...,%4(s)) € dom(oa) we have

o (goh(z1),...,90h(xa)) € dom(oc)
e oc(goh(zr),...,g0 h(xa))) =goh(oa(z,. .. Zeo)))

because g(op(h(z1), ..., MTa)))) = g(h(oa(T1,. .., Ta(s))))- ]
The properties from the next proposition allow us to identify several prop-
erties on particular cases such that an economy of proofs are obtained.

Proposition 1.4.2. (Cazanescu (1975))
Let us consider the partial X -algebras A=(A,{ca}scx) and B=(B,{0B}secx)
and a morphism h: A — B.

1) If Y C B is a closed set in B then h=1(Y) is a closed set in A.

2) If A is an algebra and X C A is a closed set in A then h(X) is a
closed set in B. -
3) If X C A then h(X) C h(X). If A is an algebra then h(X) = h(X).

Proof.

1) Consider a closed set Y C B. Take an arbitrary element ¢ € X and
(T1,. .., %a(s)) € dom(oa) such that z1,...,24) € R~ (V). Because h is a
morphism we have (h(z1), ..., (2Zq())) € dom(op) and

O'B(h(.’L‘l), ey h(Ia(g))) = h(O’A(.Tl, PN 7xa(a))) (16)
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On the other hand Y is a closed set in B, therefore og(h(z1), ..., M7q(0))) €
B because h(z1), ..., M2q)) € Y and (h(zy), ...,h(xa(g))) € dom( B)-
From (1.6) we obtain h(ca(z1,...,%4())) € Y therefore oa(z1,...,24()) €

h=1(Y) and thus the first property is proved.

2) In order to verify the second property we take o € X and y1, ..., Ya(0) €
h(X). There are 1, ..., Tq(s) € X such that yy = h(z1), ..., Ya(o) = M(Ta(e))-
We have dom(o) = A% because A is an algebra. The mapping h is a
morphism therefore (h(x1),...,h(zq(s))) € dom(op) and

oB(h(z1), ..., MZa(0))) = hloa(@1, ..., Ta(s))) (L.7)

But X is a closed set in A, therefore o4(21,...,%4))) € X and thus
h(oa(x1,...,24()))) € h(X). Taking into account the fact that h(z;) = v,
from (1.7) we obtain o5 (y1,...,Ya()) € M(X).
3) In order to prove the last property we observe that based on (1.1) and
(1.2) we have -
X € B (X)) € b (R(X) (18)

By the first property already proved, the set h_l(m) is a closed set in A
because h(X) is a closed set in B. From (1.8) and the fact that X is the least
closed set which contains X we obtain X C h™1(h(X)) therefore h(X) C
h(X). If A is an algebra then h(X) is a closed set in B. But h(X) 2 h(X),
therefore h(X) D h(X) because h(X) is the least closed set which contains
h(X). |
The concept introduced in the next definition as well as the concept of
morphisms of partial algebras are useful to study a method of knowledge
representation based on stratified graphs (Ténd&reanu (2000a)).

Definition 1.4.2. Let A=(A,{ca}secx) be a partial X-algebra. The set B C
A is an initial set of A if for every o € X and every (z1,...,740)) €
dom(o 4) the following condition is satisfied:

oa(T1,.. . Ta(e)) € B={21,...,24(n} C B
If this condition is satisfied then we write B € Initial(A).

Ezample 1.4.1. Consider the o-algebra N7 = (N,oy) of signature (2) and
on(z,y) = z +y. Take B = {2,4,8} C N. We have on(2,6) = 8 € B but
6 ¢ N. Thus B ¢ Initial(N7).

Ezample 1.4.2. Let us consider o-algebra Ny = (N, oy ) of signature (1) and
on(z) =x+2. Take B = {2k};>0 C N. If on(m) € B then m+2 is an even
number therefore m € B. Thus B € Initial(N2).

Proposition 1.4.3. (Cdzanescu (1975)) If B; € Initial(A) for each i € T

then \J;c; Bi € Initial(A) and (;c; B € Initial(A).
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Proof. Consider an arbitrary element o € X and (21, ..., %)) € dom(ca)
such that o4 (z1,...,%4()) € U;e; Bi- There is k € I such that o4(z1,...,
Tq(0)) € Br. But By € Initial(A) therefore 1,...,24(0) € Bg. It follows
that z1,...,%4(0) € U;c; Bi- A similar proof can be given for intersection. m
Finally, we can define a concept which is used in the next chapter.

Definition 1.4.3. The Y-algebra A=(A,{oa},cx) is free generated by
M C A if for every X-algebra B=(B,{op}scx) and every mapping f : M —
B there exists a morphism h : A — B, uniquely determined, such that f < h.

An expressive graphical representation of this condition is given in Figure
1.3, where i denotes the inclusion mapping: i(z) = x for every « € M. The
condition can be stated also as follows: every mapping f : M — B can be
uniquely extended to a morphism h : A — B of X-algebras.

M A

h

Fig. 1.3. The extension of f

Ezample 1.4.3. Consider the o-algebra N' = (N,oy), where on(z) =z + 1.
Take M = {0}. We verify now the following two properties:

e N is generated by M
e N is free generated by M

Applying Proposition 1.3.4 we obtain:

My = {0
{ M, = {[0%1,...,71} (1.9)

We verify by induction (1.9). For n = 0 this relation is true. Suppose (1.9) is
true for n. Based on (1.3) we obtain

M1 =M, U{n+1}={0,1,...,n+1}

therefore (1.9) is true for n + 1.
It follows that
M=|JM,=N
n>0

therefore the closure of M is N.
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Let us consider the graphical representation from Figure 1.3, where A =
N and B = (B,op) is a o-algebra of signature (1). Consider the mapping
h: N — B defined as follows:

h(0) = f(0)
h(1) = op(f(0))
h(2) = o5(oB(f(0)))

The mapping % is a morphism of o-algebras. Really, op(h(n)) = o5 (£(0))
and h(on(n)) = h(n+1) = o5 (f(0)) therefore o p(h(n)) = h(on(n)). Thus
the mapping f can be extended to a morphism of o-algebras.

Suppose g : N — B is a morphism of o-algebras such that f < g. It
follows that g(0) = f(0) = h(0). We suppose g(n) = h(n) and we prove that
g(n+1) = h(n+1). Let us use the fact that g is a morphism. We obtain

g(n+1) = glon(n)) = op(g(n)) = op(h(n)) = h(on(n)) = h(n +1)

Thus g = h and N is free generated by {0}. This example is used also in the
next chapter.



2. Peano algebras

In this chapter we introduce the concept of Peano algebra, we show that
every Peano algebra is a free generated algebra, we prove the existence of the
Peano algebras and we give a method to build such structures.

2.1 Definitions and intermediate results

We begin this section by defining the concept of Peano algebra over some set.
In the remainder of this section we establish the prerequisites for the next
sections of this chapter.

Definition 2.1.1. A X-algebra A=(A,{oa}scx) is a Peano X-algebra
over M C A if the following conditions are satisfied:

1) M = A;

2) oA(T1,. .., Ta(0)) & M for every o € X and every x1,...,%q) € 4A;
3) for every o,7 € X and every x1,...,Tq0) € A, Y1, -, Ya(r) € A we
have

O.A(ajla"'axa(lf)) = TA(ylv"'aya(T)) = 0 =T,T; = y’iai = 1,...,0;(0')

If ¥ = {0} is a singleton then the corresponding structure is called shortly
Peano o-algebra.

Directly from this definition we remark the following aspects:

e A Peano algebra is a total algebra and not a partial one.

e The support set of a Peano algebra is generated by some of its subsets.

e The elements of the set M generating the support set A are viewed as
”atomic” elements. This means that these elements can not be decom-
posed into some elements by means of the algebraic operations. In other
words none element of M can be obtained by composing other elements
of the support set.

e Each element of the set A\ M is uniquely written as ca(x1,...,Za(0))-
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Remark 2.1.1. Let us consider again the o-algebra N' = (N,oy), where
on(z) = z + 1, taken in Example 1.4.3. Let us verify that N is a Peano
o-algebra over M = {0}.

1) The condition M = N is true as it was shown in Example 1.4.3.

2) For every n € N we have on(n) ¢ M because n + 1 > 1.

3) For every n,k € N if oxy(n) = on(k) then n+ 1 = k + 1 therefore
n==k.
If we choose M = {0,1} then the first condition is verified as well as the third
condition. But 1 € M and 1 = ox(0), therefore the second condition is not
verified.

Remark 2.1.2. An interesting aspect connected by the concept of Peano alge-
bra is discussed in Burris (1981). We remember he following axioms, known
as Peano’s axioms for natural numbers:

1) 0 is a natural number.

2) Every natural number a has a successor, denoted by Sa.

3) Distinct natural numbers have distinct successors: n = k if and only
if Sn = Sk.

4) No natural number has 0 as its successor.

5) We denote by @ a property for natural numbers. If Q(0) is true and
from Q(n) we can prove Q(n+1) then @ will hold for all natural numbers.

It is not difficult to observe that all these properties are encountered in the
context of Peano algebras and this fact can explain the name of the structure
introduced in Definition 2.1.1. As a matter of fact, we can immediate identify
the property M = N for M = {0} and the extension of the Peano’s axiom
to the conditions from Definition 2.1.1. Moreover, the last axiom of Peano
postulates the proof method known as mathematical induction (induction
over the naturals). This method is encountered in the theory of universal
algebras as algebraic induction.

The property stated in the next lemma gives a basic result used to prove
a fundamental property of the Peano X-algebras.

Lemma 2.1.1. Let A=(A,{04}sex) be a Peano X-algebra over M. We con-
sider a set B and for each o € X we take a mapping

f,: B x A%0) _, B

For every mapping f : M — B there is a mapping h : A — B, uniquely
determined, such that
f=<h (2.1)

h(O’A(le, sy xa(g))) = fg(h(l‘l), caey h(l‘a(g)), Tl1y--- ,xa(g)) (2.2)
for every o € X and x1,. .., 240 € A.
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M LA 74 A9()
h ha(e) s jalo)
!
B Bae@)  palo)
fo

Fig. 2.1. Commutative diagram

Proof. The property stated in this lemma can be restated as we can
view in Figure 2.1: every mapping f can be uniquely extended to h such that
the ”"rectangular” diagram is commutative.

Because M = A, using (1.5) we obtain

A= M, (2.3)

n>0

where {M,, },>0 is the increasing sequence given by

{ Mo =M (2.4)

Mpr=MU{os(x)|oeX,ze M}, n>0
For n > 0 we define inductively the mappings f,, : M,, — val(f,) as follows:

e fo=1;

o funr(z) = f(z) iz € M

b fnJrl( ) f ( ( ) "afn(xa(o))vxlv"',xa(o)) if T1y---yLa(o) € M,
and Xr = O'A( I, ( ))
For the sequence { fn}nzo we prove the following properties:

1) {fn}n>0 is a well defined sequence

First we prove that for each natural number n > 0 we have the following
properties:

Mn{oa(z)|oe X zcdom(oa) N MHD} =0 (2.5)

val(fn) € B (2.6)

The relation (2.5) is immediately obtained from Definition 2.1.1. The re-
lation (2.6) can be verified by induction on n. For n = 0 this relation is
true because fo = f and wval(f) C B. Suppose val(f,) € B and take
y € wal(fny1). There exist 0 € X and z1,...,24) € M, such that

Y= for1(oa(zy,. .. 7xa(o)))' But fn(z1),..., fn(‘ra(o)) € val(f,) and by the
inductive assumption val(f,) C B. It follows that

(fn(xl)a e '7fn('ra(0'))7x1; cee axa(a)) € Ba(a) X Aa(a)
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therefore f,(fn(®1),.. ., fu(Ta(e))s T1, -+, Ta(s)) is defined and moreover, it
is an element of B. But y = fuy1(0a(21,...,%4())) and using the definition
of f,4+1 we obtain y € B.

By Definition 2.1.1 we know that every element z € A\ M is uniquely written
as 0A(T1,...,2q(s)) for some o € X and x1,...,7,,) € A. Taking into
account the relations (2.5) and (2.6) we observe that the sequence {f,},>0
is well defined.

2) fn < fax1 for everyn >0

For n = 0 this property is true by the definition of fy and f;. Suppose that
fn = fnt1. Let us prove that f,11 < fryo. Take x € My 1. lf 2 € M
then frio(x) = f(z) = fo41(x). Otherwise, there is 0 € X and there are
Ty, ..., Ta(e) € My, such that @ = oa(z1,...,2Ta(r)). We have z € M, 1 C
M, +2 and applying the definition for the sequence {f,}n>0 we obtain:

f”l-‘rl('x) = fa(fn(xl)a s fn(xa(a))axla cee axa(a)) (27)
Jrr2(®) = fo(farr(®1), - s far1(Ta(e), 21, 5 Ta(o)) (2.8)
But 1 € My, ..., Ta0) € My and by the inductive assumption we have

fn < fny1- It follows that

fn+1(m1) = fn(xl)

fn+1 (xa(a')) = fn(xa(o))

and from (2.7) and (2.8) we obtain f,i2(z) = fry1(x).

We define now the mapping h : A — B by h(z) = fu(z) if £ € M,,. This
is a well defined mapping because we have (2.3) and f,, < fri1.
We observe that for every x € M = My we have h(z) = fo(z) = f(x),
therefore we have (2.1).
Let us take an arbitrary element o € X and x1,...,7,) € A. From (2.3)
and the monotony of the sequence {M,, },>0 we deduce that there is k € N
such that z1,...,24,) € Mg. It follows that oa(z1,...,%4(0)) € Mgy1 and
thus

h(O'A(.'L‘l, ey ma(a))) = fk+1(UA<-751, ey xa(g))) =

fd(fk(xl)a .. '7fk?(xa(a’))u$17 cee 7xa(0)) =
fd(h(xl)v .- 'vh(xa(n))axlv e ,:Ea((,))

and therefore we have (2.2).

Let us prove that h is uniquely determined. We suppose that there is
g : A — B such that (2.1) and (2.2) are satisfied. We verify by algebraic
induction that h(x) = g(z) for every x € A. We have h(x) = g(z) for every
r € M. We take 0 € ¥ and x1,...,%4) € A such that h(z;) = g(x;) for
i=1,...,a(0). Using (2.2) we have
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g(UA(xlv' . '5xa(0))) = fa(g(xl)a s 7g(za(o))ax17' . 7Ia(0)) =
fo’(h(xl)’ .. .,h(.’ba(g))7$1,. . .,xa(a)) = h(o’A(l’l,. . .,(Ea(g)))

and the proposition is proved. [

Proposition 2.1.1. If A=(A,{ca}scx) is a Peano X-algebra over M then
A is a X-algebra free generated by M.

Proof. Let B= (B,{op}scx) be a X-algebra and a mapping f : M — B.
For each 0 € X we define the mapping f, : BX?) x A%?) — B as follows:

fa'(yla o Ya(o)r) L1y - - - 71'(1(0)) = UB(yla cee 7ya(0))

By Lemma 2.1.1 we deduce that f can be uniquely extended to the mapping
h such that (2.2) is satisfied. Based on this relation we obtain

h(O-A(Ih S axa(a))) = fa(h(xl)a EERE) h(ma(a))’xlv s 7xa(a)) =
O'B(h(.l‘l), ey h(xa(a)))

therefore h is a morphism. [ ]

2.2 A method to build Peano algebras

The next proposition establishes the existence of the Peano X-algebras over
some set and based on the results treated in the previous section a method
to build such structures is obtained.

Proposition 2.2.1. For every sets M and X such that X N M = () there
exists a Peano X -algebra over M.

Proof. We consider the Y-algebra K = (K, {0k }scx), where the support
set K is the set (XU M)* of all nonempty words over the alphabet X U M
and for each o € X

UK($1, ce ,.’Ea(g)> =0oxy . ..Ia(g)

Take A = M, the closure of M in X and consider the subalgebra A4 =
(A, {oa}sex) of the X-algebra K. Let us prove that A is a Peano X-algebra
over M. To do this we have to verify the conditions specified in Definition
2.1.1. The first condition is satisfied by definition of the set A. In order to
verify the second condition, we suppose the contrary: there is ¢ € X and
there are 1,...,24(,) € A such that oa(x1,...,24)) € M. It follows that
o1 ... Ty(s) € M, therefore a(o) =0and o € M. This is not possible because
XNM=0.

Let us prove that

pa=gBpeEMgeAa,Be(EUM)T =qgeM
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By contrary we suppose that ¢ € A\ M. Because A is generated by M we have
q = 0k (21,...,%a(e)) for some o € X and 21,..., 2, € A. But pa = ¢f,
therefore pa = 021 ... 24(5) 3. It follows that p = o, which is not true because
XNM=0.

Now we prove by algebraic induction that for each x € A the following
property @ is true:

ra=ypBycAa,fc(XUMT=2z=ya=4

For x € M, as we proved above we have y € M. Thus z =y and a = 5. In
order to verify the inductive step we take o € X' and consider 1, ..., % (s
such that Q(z1), ..., Q(z4(s)) are true. Let us prove that Q(ca(z1, ..., T4(r)))
is also true. In order to verify this property we suppose that

UA(3317~-~7%(0))04:Z/5

where y € A and o, 8 € (¥ U M)™. It follows that

OTY .. Tg(e) = Y

therefore y € A\ M. This implies that y = 74(y1, ..., Ya(r)) for some elements
Y1+ Ya(r) € A. It follows that

OF1 - Tg(g)X =TY1L .. -ya(T)/B

therefore o = 7 and z1... 74 = Y1 ... Ya(r) 3. Taking into consideration
Q(z1), ..., Q(74(r)) and the fact that yi,..., Y, € A we obtain z; = y; for
i=1,...,a(c) and o = . Thus y = 7A(Y1, .-, Ya(r)) = 0a(T1, ..., T(0)),
therefore Q(ca(z1,...,%4())) is true. By algebraic induction Q(x) is true for
each x € A.

Now we verify the last condition from Definition 2.1.1. Suppose that

UA(xla o 7xa(0’)) = TA(yh ce 7ya(‘r))
for some o,7 € X and x1,...,%4(0),Y1,--sYa(r) € A. It follows that
OT1...Za(g)) = TYL---Ya(r)), therefore o = 7 and 1 ... 24) = Y1 -+ Ya(r)-
But Q(z1), ..., Q(z4(e)) are true and y1,...,Yq(r) € A, therefore x; = yi,
<o La(o) = Ya(o)- u

Remark 2.2.1. The proof of the previous proposition relieves the following
method by which we obtain a Peano X-algebra over the set M:

- Take the Y-algebra K = (K, {0k }secx), where K = (X' U M) and for
each o € X
UK(ail, ces ,xa(a)) =0T1..-Za(o)

- Take A = M, the closure of M in K and consider the subalgebra A =
(A, {ca}sex) of the X-algebra K. A is a Peano X-algebra over M.
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2.3 The Peano algebras over the same set are
isomorphic

In the remaining of this chapter we establish a connection between the Peano
X -algebra specified in Remark 2.2.1 and other Peano Y-algebras over the
same set.

Proposition 2.3.1. If A = (A, {ca}sex) and B = (B,{0B}recx) are X-
algebras free generated by the set M then there is an isomorphism of X-
algebras h : A — B such that h(x) = x for every x € M.

Proof. We have M C A and M C B because A and B are free generated
by M.

fi f2
B A

Fig. 2.2. Extensions for fi and fa2

We have the situation represented in Figure 2.2 because:

- We take the mapping f; : M — B defined by fi(z) = z for every
x € M. But A is free generated by M and B is a Y-algebra therefore the
mapping fi can be extended to a morphism h; : A — B.

- Similarly, from the mapping fo : M — A defined by fa(z) = « for every
x € M we obtain a morphism hs : B — A such that fo < hs.

h2 Ohl 1A
Jf2 fa

Fig. 2.3. Two extensions of f>

Applying Proposition 1.4.1 we deduce that hooh; : A — A is a morphism
of Y-algebras and hg o hy(x) = « for every x € M, therefore fo < hy o hy.
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On the other hand the mapping 14 : A — A is a morphism of X-algebras.
Thus we have the representation from Figure 2.3. But the mapping fs is
uniquely extended to a morphism therefore hy o hy = 14. Similarly, changing
the algebra A with B, we deduce h; o ho = 1. By Proposition 1.1.1 we
deduce that h; and ho are bijective mappings. Moreover, f; < hy, therefore
hi(z) = z for every x € M. Thus hy : A — B is an isomorphism of X-
algebras. [ ]

Corollary 2.3.1. Two Peano X-algebras A = (A,{ca}sex) and B =
(B,{oB}sex) over M are isomorphic algebras. Moreover, there is an iso-
morphism h : A — B such that 137 < h.

Proof. By Proposition 2.1.1 the structures A and B are X-algebras free
generated by M. Now we apply Proposition 2.3.1. [

Remark 2.3.1. As a conclusion, if we build the Peano X-algebra over M
by the method described in Remark 2.2.1 then the structure obtained is
isomorphic with every Peano X-algebra over the same set M.

Remark 2.3.2. In the theory of labeled stratified graphs and semantic schemas
is encountered frequently a particular Peano algebra. This is the case of a
singleton X' = {o}. If M is a finite and nonempty set such that o ¢ M then
in the first step the following sequence {M,,},>0 is obtained:

My = M
Mpy1 =M, U{ow |ue M, veM,}, n>0

In the second step we take A = |J,,~, M, as support set and the operation
oa(u,v) = ouv. We obtain the o-algebra A = (A, o 4). This structure is the
Peano o-algebra over M, which is isomorphic with every Peano o-algebra
over the same set M.



3. Lattices and semilattices

The concept of lattice is frequently encountered both in theoretical computer
science and in applied computer science but not only. There are two equivalent
ways to define this concept: as a poset satisfying additional conditions and
by means of the universal algebras. Several computation rules in a lattice
are briefly exposed. Finally a concise definition of a very fruitful structure,
Boolean algebra, is presented and the basic properties of this structure are
described.

3.1 From poset to lattice
Taking the poset as starting point we define in this section the concept of
lattice.

Definition 3.1.1. A poset (L, <) is a lattice if for every x,y € L there
exists sup{x,y} and inf{z,y}.

The above definition allows us to introduce two binary operations on L as
we show in the next definition.

Definition 3.1.2. If (L, <) is a lattice then we define the following binary
operations, named the join (or union or disjunction) and meet (or inter-
section or conjunction) operations respectively:

V:LxL— L, xVy=sup{z,y} (3.1)
AN:LxL— L, A Ny=inf{z,y} (3.2)

These operations are well defined because the least upper bound and the
greatest lower bound are uniquely determined. We observe that they are
”total” operations.

Proposition 3.1.1. The following identities are satisfied in a lattice:
xV(yVz) = sup{z,y,z} (3.3)

A (yAz)=inf{z,y,z} (3.4)
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Proof. By the definition of the join operation we have
xV (yVz)=sup{z,yVz}
therefore x < z V (y V z). We observe that we have also
y<yvVz<zV(yVz)

z<yVz<zV(yVz)

therefore x V (y V z) is an upper bound of {z,y, z}.

Let us consider another upper bound ¢y of the set {x,y,z}. But y vV z =
sup{y,z} and ty is an upper bound of {y, z}, therefore y V z < ¢y because
yV z is the least upper bound of {y, z}. It follows that ¢ is is an upper bound
of the set {x,yV z} and V (y V z) < to. In conclusion, z V (y V z) is the least
upper bound of the set {x,y, z}. In other words, we have (3.3). Similar we
prove (3.4). ]

Proposition 3.1.2. In a lattice (L, <) the operations V and A satisfy the
following identities:

xVy=yVaz,xzAy=yAz (commutativity) (3.5)
(xVy)Vz=zV(yVz), (xAy)ANz=zA(yAz) (associativity) (3.6)
xA(xVy) =z, zV(xAy) =z (absorption) (3.7)

Proof. The relations 3.5 are obviously true by (3.1) and (3.2). Based on
Proposition 3.1.1 we observe that = V (y V z) = sup{z,y, z} = sup{z,z,y} =
zV(xVy)=(zVy)V =z A similar proof is obtained for the associativity of
the meet operation, therefore (3.6) is verified.

In order to prove (3.7) we observe that

z<aV(zAy) (3.8)

because = V (z A y) = sup{z,z A y}. But Ay < x therefore = is an upper
bound for the set {z,z A y}. Thus we can write

zV(xAy) <z (

)

From (3.8) and (3.9) we obtain x A (x Vy) = x. The other relation from (3.7)
is proved in a similar manner. [ ]

We observe the duality of the relations (3.5), (3.6) and (3.7). According
to these relations we remark that the meet and join operations are dual.
Moreover, based on (3.6) we can write without any confusion

3.9
3.7

xVyVz=sup{z,y,z} (3.10)

and
xAyAz=inf{z,y,z} (3.11)

The next property extends Proposition 3.1.1.
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Proposition 3.1.3. For every finite and nonempty subset M of a lattice
(L, <) there exists infM and supM.

Proof. Suppose M = {x1,...,2,} and n > 3. We prove this property by
induction on n. For n = 2 the property is obtained directly from Definition
3.1.1, so we supposed n > 3. By induction on n we verify that

x1VaaV...Vag = sup{x1,x2,..., Tk} (3.12)

For k = 3 the relation (3.12) is true because we have (3.10). Suppose (3.12)
is true for k = n and we verify this relation for K = n+ 1. First we prove that
sup{x1,...,Tns1} exists and moreover

sup{sup{x1,...,xn}, Tnt1} = sup{T1,...,Tnt1}
By the inductive assumption we can denote
y = sup{x1,...,Tn} (3.13)

The set L is a lattice therefore we have sup{y,z,+1} = z € L. Let us verify
that z = sup{z1,...,2p+1}. From (3.13) we have

r,<y<z ie{l,...,n} (3.14)
and 2,41 < z, therefore z is an upper bound of the set {xy,...,2n41}. Let t
be another upper bound of {z1,...,2n41}:

x; <t ie{l,...,n+1} (3.15)

From (3.15), (3.14) and (3.13) we obtain y < ¢. But z,41 < t, therefore

z = sup{y, Tni1} < t.
In conclusion we have

x1VaaV...Vepy1 = (@1 Ve V... V&) VTper =

sup{sup{z1,22,...,Tn}t, Tnt1} = sup{x1,x9,. .., Tpt1}

A similar proof can be given for the relation
I ANTa A Az =inf{x,29,.. ., Tk}

and the proposition is proved. [

We define now two useful structures. They are used in knowledge repre-
sentation, especially in knowledge modeling by stratified graphs and semantic
schemas.

Definition 3.1.3. (Rudeanu (1991))

A join (meet) semilattice is a poset (L, <) such that for every x,y € L
there exists sup{x,y} (inf{x,y}).
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1 1
d c d c
a b a b
a) join semilattice b) poset, not a join semilattice

Fig. 3.1. Examples of posets

d c d c
a b a b
0 0
a) meet semilattice b) poset, not a meet semilattice

Fig. 3.2. Examples of posets

Obviously a poset (L, <) is a lattice if and only if (L, <) is a join and a meet
semilattice.

A Hasse diagram can help us to show that a given poset is/not is a
semilattice. For example, let us consider the case represented in Figure 3.1.
The case a) represents a join semilattice with last element. The case b) gives
an example of a poset which is not a semilattice. Obviously this structure
can not be a meet semilattice because there isn’t any lower bound for {a, b}.
If we try to find sup{a,b} then we have to find in the first step the set of
the upper bounds of the set {a,b}. Obviously, this is the set {¢,d, 1} and the
elements ¢ and d are incomparable. As a consequence, it does not exist the
least element of this set. In conclusion the element sup{a,b} does not exist.
A dual case is presented in Figure 3.2.

Obviously we have the property specified in the next proposition.

Proposition 3.1.4. If in a join (meet) semilattice (L,<) we define the
operation V : L x L — L (A : Lx L — L) by 2 Vy = sup{z,y}
(x Ny = inf{z,y}) then we obtain an idempotent, commutative and as-
sociative operation.

Remark 3.1.1. (Rudeanu (2001))
The concept of lattice defined in this section is named also lattice in the sense
of Ore. Shortly we say that this structure is an Ore lattice.
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Remark 3.1.2. The duality principle holds in lattice theory. Moreover, the
concepts of meet semilattice and join semilattice are dual to each other.

3.2 Lattice as universal algebra

In this section we introduce the concept of lattice as universal algebra and
we prove that we obtain an equivalent definition.

Definition 3.2.1. A lattice is an universal algebra (L,V,N\) of signature
(2,2) such that the operations satisfy the commutativity (3.5), associativity
(3.6) and absorption law (3.7).

Remark 3.2.1. (Rudeanu (2001)) The concept introduced in Definition 3.2.1
is called also lattice in the sense of Dedekind. Shortly we say a Dedekind
lattice.

Proposition 3.2.1. In a Dedekind lattice the operations are idempotent:
tVer=x, xANrx =2
Proof. Applying (3.7) we obtain
zA(xVz)==x
zV(A(xVae)=x

therefore Vo = zV(xA(xVz)) = . By duality we have the second property
T ANT =x. u

The following result is a useful property to simplify the introducing of a
partial order.

Proposition 3.2.2. In a Dedekind lattice we have x V y = y if and only if
TANy=uwx.

Proof. Suppose zVy = y. We obtain x Ay =z A (z Vy) = x by (3.7).
Similar we prove the other implication. [
We can introduce now a binary relation on a Dedekind lattice.

Proposition 3.2.3. The following relation defined on a Dedekind lattice is
a partial order:
x<yifandonlyif xVy=y (3.16)

Proof. By Proposition 3.2.1 we have x V x = z, therefore x < x. Suppose
z < yand y < z. Using (3.16) we have x Vy = y and y Vo = z. By
commutativity we obtain x = y. To prove the transitivity we suppose z <y
and y < z. Wehave x Vy =y and y V z = z, therefore x Vz =2V (y V z) =
(xVy)Vz=yVz=z ]
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Proposition 3.2.4. Every Dedekind lattice (L, V, \) is an Ore lattice (L, <),
where < is defined in (3.16).

Proof. Let us prove that for every z,y € L there exists sup{z,y}. Moreover,
we prove that sup{z,y} = xVy. We have the following sequence of deductions:

o zV(xVy) = (xVz)Vy = zVy and yV(zVy) = (zVy)Vy = xV(yVy) = 2Vy,
therefore by (3.16) the element xVy is an upper bound for the set {z, y}.

e Let t be an upper bound for {z,y}. Thus we have z < ¢ and y < t.
Using (3.16) we can write x V¢ =t and y V¢t = ¢, therefore (x Vy) Vit =
xV(yVvt)=xzVt=t ThuszVy <t

It follows that = V y is the least upper bound of {z,y}. By duality we prove
that x Ay = inf{z,y}. [ ]

Remark 3.2.2. As we proved in the previous section every Ore lattice is a
Dedekind lattice. If in addition we consider Proposition 3.2.4 then we can
say that the concepts of Ore lattice and Dedekind lattice are equivalent.

Definition 3.2.2. Suppose L = (L, <) is an Ore lattice. The lattice Lpeq =
(L,V,N), where x Vy = sup<{z,y} and x Ny = inf<{x,y} is called the
Dedekind lattice associated to L.

Definition 3.2.3. Suppose L = (L,V,A) is a Dedekind lattice. The lattice
Lore = (L, X), where x <y if and only if xVy = y is named the Ore lattice
associated to L.

Proposition 3.2.5. (Grdtzer (1971))

e If L is an Ore lattice then (Lped)ore = L.
e If L is a Dedekind lattice then (Lore)ped = L-

Proof. We prove only the first property. Suppose £ = (L, <) is an Ore
lattice. We have Lpeq = (L, V, ), where

xVy=sup<{z,y}, Ay =inf<{z,y}

Taking the Ore lattice associated to Lpeq we obtain (Lpeq)ore = (L, <),
where

rXy<==zVy=y
It follows that:

o If v <y then z Vy = sup<{z,y} =y, therefore z < y.
o If x <y then z V y = y, therefore sup<{z,y} = y. Thus we have z < y.

In conclusion we have x < if and only if x < y. [
In the remainder of this section we treat the concept of semilattice by
means of universal algebras.
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Definition 3.2.4. (Grdtzer (1971))
A semilattice is an algebra (L,o) of signature (2) such that o is an idem-
potent, commutative and associative operation.

Proposition 3.2.6. Let (L,0) be a semilattice. We define the following bi-
nary relations on L:
a<b<=aob=0b (3.17)

aCb<=aob=a (3.18)
Then the following properties are satisfied:

) < and C are dual relations;
2) < and C are partial orders;
) (L, <) is a join semilattice;
) (L,C) is a meet semilattice.

Proof.
1) The dual <, of < is defined as follows:

T<g&=y<zw

Using (3.17) we obtain
r<gjy<=yor=xzx (3.19)

But the operation o is commutative therefore from (3.19) we obtain
T<qyYy<&E=zToy==x

Using (3.18) we obtain
r<qy<=arLy

and thus the dual of < is C.
2) The binary relation < is:

e Reflerive because the operation o is idempotent: x o x = x, therefore
r < x.

o Antisymmetric because from x < y and y < x we have x oy = y and
y o x = x respectively; but o is a commutative operation therefore x = y;

e Transitive because from x < y and y < z we obtain x oy = y and
y o z = z respectively; using the associativity of the operation o it follows
that oz =20 (yoz)=(zoy)oz=yoz =z, therefore z < z.

The dual of a partial order is a partial order, therefore C is a partial
order.
3) Let us verify that (L, <) is a join semilattice. We prove that for every
x,y € L there exists sup<{z,y}. More precisely we show that

sup<{z,y} =zoy (3.20)

We remark that z o y is an upper bound for the set {z,y}. Really, because
o is associative and idempotent we have z o (xoy) = (xoz)oy = x o0y,
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therefore x < zoy. Similar we have y < zoy because yo(xoy) = (yox)oy =
(zoy)oy=zo(yoy) =zoy.
Let ¢ be an arbitrary upper bound for the set {z,y}. This means that <t
and y < t therefore zot = t and yot = t. We have (xoy)ot = xo(yot) = xot =t
therefore z o y < t. Thus x o y is the least upper bound of the set {z,y}
therefore the relation (3.20) is proved.
4) We verify that L,C is a meet semilattice. To do this we show that for
every x,y € L we have
infc{z,yt =zoy

First, the element x o y is a lower bound for {x,y} because:

e (zoy)ox=zo(yox) =xo0(xoy) = (rxox)oy = x oy, therefore
roy L x;

e (xoy)oy==xo(yoy)==xoy, therefore zoy C y.
Let z be a lower bound of the set {z,y}: 2z C x and z C y. From (3.18) we
have zox = z and zoy = z. It follows that zo(zoy) = (zox)oy = (xoz)oy =
zoy = z, therefore z C z o y. [ ]

Remark 3.2.3. Directly from definition of an Ore lattice we know that if
(L, <) is such a structure then (L, <) is a join semilattice and also (L, <) is
a meet semilattice. Conversely, if (L, <) is both a join semilattice and a meet
semilattice then (L, <) is an Ore lattice. The last proposition informs us that
if (L,0) is a semilattice then we can introduce two partial orders < and C
such that (L, <) is a join semilattice and (L,C) is a meet semilattice.

3.3 Distributive lattices and complemented lattices

In this section we define two relevant concepts, which allow us to give a concise
definition for a fundamental structure of theoretical and applied computer
science.

Definition 3.3.1. A distributive lattice is a lattice (L, <) such that the
following identities are satisfied:

xV(yAz)=(xVy) A(xVz) (3.21)
zA(yVz)=(@Ay)V(zAz) (3.22)
Proposition 3.3.1. The identities (3.21) and (3.22) are equivalent.

Proof. Suppose (3.21) is true for every z,y, z € L, where L is an arbitrary
lattice. Applying (3.21) we obtain:

(Ay)V(eAz)=[zAy)Vz]AN[(zAy)VZ] (3.23)
therefore by absorption and commutativity we have

(xAy)V(eAz)=xAN[zV(zAy)] (3.24)
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Applying again (3.21), the associativity of the meet operation and the ab-
sorption law we obtain

cA[zV(@AY)=zA(EZV)AEZVYy) =xzA(zVYy) (3.25)

Now from (3.23), (3.24), (3.25) and the commutativity of the join operation
we obtain (3.22). The converse implication is obtained by duality. |

Remark 3.3.1. Applying Proposition 3.3.1 we observe that in Definition 3.3.1
it is enough to suppose that only one of (3.21) or (3.22) is satisfied.

Remark 3.3.2. In the theory of distributive lattices can be used the duality
principle because the dual of (3.21) is (3.22) and vice versa.

Definition 3.3.2. If the lattice (L, <) has first element and last element then
(L, <) is named bounded lattice. The first element is denoted by 0 and the
last element is denoted by 1. We suppose 0 # 1.

Taking into consideration the Dedekind lattice associated to the bounded
lattice (L, <) we have obviously the following properties:

0 <z <1 forevery x € L;
xV0=z,2N0=0 for every x € L;
xV1=1,2A1=x for every x € L;
xVy=0if and only if x =y = 0;
zAy=1ifand only if x =y =1.

Definition 3.3.3. Let us consider a bounded lattice (L, <). An element x' €

L is a complement of the element x € L if the following conditions are
satisfied:

Az’ =0

{ v =1 (3.26)

A bounded lattice such that every element has at least one complement is a
complemented lattice.

Remark 3.3.3. In a bounded lattice the following situations can be encoun-
tered:

— There is an element which has no complement. This is the case repre-
sented in Figure 3.3 case b), where the element a (as well as b) has none
complement.

— Some element or every element has just one complement. This is the case
presented in Figure 3.3 case a).

— One or more elements has/have at least two complements. This case is
presented in Figure 1.1, where the element a has two complements (the
elements b and c¢). Moreover, each of the elements b and ¢ has just one
complement, namely a.
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1 1p
a
: by bo
C2
C1
ao
ai
b
1 ob
0
a) Complemented lattice b) Non-complemented lattice

Fig. 3.3. Hasse diagrams

Proposition 3.3.2. In a bounded distributive lattice the complement of an
element is uniquely determined if exists.

Proof. Suppose the element = has two complements, ' and z”’. We obtain:
=2 ANl=aANxVva")=(@ ANz)V (' AN2")=2" N2"
because 2’ A x = 0. Similarly we have
2 =ad" AN =2"Nava)=@" " ANx)V (@' AN )=a" N =" N

therefore ' = 2”. ]

3.4 Boolean algebras

We can introduce now in a very concise manner a fruitful concept in computer
science. This is the subject of the next definition.

Definition 3.4.1. A distributive and complemented lattice is a Boolean al-
gebra.

Because in a Boolean algebra each element has a complement and only one,
the complement of x is denoted by 7.

Ezample 3.4.1. The structure represented in Figure 3.3 a) is a Boolean alge-
bra. We consider the set A = {a,b,c}. If we take the set 24 as the support
set and the set theoretical operations of union and intersection then we ob-
tain a Boolean algebra. The zero element is ) and the element 1 is A. The
complement of X € 24 is X=A4\ X. It is not difficult to observe that this
algebra is isomorphic with the algebra represented in Figure 3.3 a).
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In what follows we denote a Boolean algebra by the system(B,V,A,”,0,1)
considered as an algebra of signature (2,2,1,0,0), where z Vy = sup{z,y}
and 2 Ay =inf{x,y}.

We can now relieve some basic properties in a Boolean algebra. For sim-

plicity we shall use the classical notation = -y = x A y and moreover, zy
instead of x - y.

Proposition 3.4.1. Let (B,V,A,”,0,1) be a Boolean algebra. The following
properties are satisfied and can be viewed as computation rules on a Boolean

algebra:
1. x=y<=aVt=yVt for everyt € B;
2.x=y<=ux-t=y-t for everyt € B;
3. xVy=0<=zxz=y=0;
4. xy=l<=zc=y=1;
S5. xVy=7-%,
T-y=zV7Yy (De Morgan laws);
6. T=x (double negation law);
7 2<y=—=7y<7Z;
8. x<ly<=aVt<yVt for everyt € B;
9. z<y<=z-t<y-t for everyt € B;
10. - (TVy)=x-y;
xV (T-y) =xVy; (Boolean absorption)
1. 2 <{y<—zx - y=0<2xVy=1
12. x=y< 2 -yVT-y=0
Proof.
1. If z vVt =y Vtfor every t € B then particularly for ¢ = 0 we obtain
x=1y.
2. Similarly, take ¢t = 1.
3. If tVy=0then xt =y =0 because x < xVy, y < zVyand 0 is the
first element.
4. ITmmediate because x > z -y = 1 and 1 is the last element.
5 (zVyVE-G) = @VyvE) - (@VyVE) = VL)@Vl = L
(V9)-(-9) = (F3) (Vo) = (@5 2)V (@55 =0V0=0;_
6. We have x VT = 1, x - T = 0 because T is the complement of . But 7 is
the complement of T therefore ZVZ = 1 and T-Z = 0. These relations are
interpreted as follows: 2 and T are the complements of Z. The complement
is uniquely determined therefore x = .
1 P<T<+=7y - T=y<=y - 2=y<=yVao=y<=x <y;
8. x<y=zxVy=y= xVyVt=yVt,; for the converse implication we
choose t = 0.
9. Similar to 8.
10. By distributivity we have - (ZVy) = (z-T)V(z-y) =0Va -y =z -y.

The name of this law comes from the fact T is absorbed.
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11. If <y then -7 < y-7 = 0. Conversely, if -7 = 0 then (z-7) Vy =y,
therefore (zVy)-(gVy) =y. Thus 2 Vy =y, therefore x < y. Further we
obtain by De Morgan law and double negation z -y =0<=2zVy = 1.

12. The direct implication is immediate. If z-gVZ-y = 0then z-y =T-y = 0,
therefore z <y and y < x.

Proposition 3.4.2. Every Boolean algebra (B,V,A,”,0,1) is a ring with
unit (B, +,-,—,0,1), wherex +y = (z AY)V(TVy) andx -y =z Ny.

Proof. A routine computation shows that all axioms of a ring are satisfied
and x + xz = 0, therefore —z = . [

Remark 3.4.1. The problem to find the simplest example of a given algebraic
structure is frequently encountered. Particularly this problem can appear also
in the case of lattices or Boolean algebras. Developing this idea, we can relieve
the following aspects:

1. The simplest lattice is the structure ({a}, <) of one element, with the par-
tial order given by a < a. This structure is called the degenerate lattice.
Obviously all degenerate lattices are isomorphic. A lattice containing at
least two elements is called a non-degenerate lattice. The simplest non-
degenerate lattice is £ = ({a,b}, <), where infL = a and supL = b.
Thus the simplest non-degenerate lattice is a bounded lattice.

2. The simplest Boolean algebra is the structure ({a},V,A,” ,a,a), where
aVa=aAa=aand a = a. This structure is named also the degen-
erate Boolean algebra. A Boolean algebra is a non-degenerate Boolean
algebra if it contains at least two elements. The simplest non-degenerate
Boolean algebra is also named the binary Boolean algebra and this struc-
ture is usually denoted by By = ({0,1},V,A,”,0,1) and its operations
are defined in Table 3.1.

v | 0|1 A0 1
0101 000
1]1]1 101

Table 3.1. The operations of B2

Although from the point of view of the general theory of Boolean alge-
bra the structure given by By is very simple, from the point of view of
the applications in binary logic and combinational circuits this structure
establishes an essential support.
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3.5 Boolean rings

In the previous section we shown that every Boolean algebra can be
organized as a ring with unit. This structure enjoys of some specific
properties, which are presented in this section.

Definition 3.5.1. A ring with unit R = (R,+,-,—,0,1) is a Boolean
ring if the following condition is satisfied

r-x=2x (3.27)
for every x € R.

Proposition 3.5.1. If R = (R,+,-,—,0,1) is a Boolean ring then the
following identities are satisfied:

z+x=0 (3.28)
Ty=y-x (3.29)
Proof. Consider an arbitrary element z € R. Based on (3.27) we have
(z+z)(z+z)=x+2x
and by distributivity we obtain
r-rx+r-r+r-r+r-r=x+x (3.30)
Taking into account the property (3.27) in (3.30) we obtain
r+r+r+r=x+x

therefore (3.28) is proved.
Take another element y € R. Based on (3.27) we have

(z+y)-(+y =z+y

therefore
TrF+r- Yty r+y-y=x+y

It follows that
z-y+y - xz=0 (3.31)

But from (3.28) we have
z-y+zx-y=0 (3.32)
From (3.31) and (3.32) we obtain
r-yty-r=x-y+x-y

therefore (3.29) is proved. ]
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Corollary 3.5.1. In a Boolean ring —x = x.
Proof. Really, from (3.28) we obtain —z = z.

Proposition 3.5.2. Every Boolean algebra B = (B,V,A,”,0,1) is a
Boolean ring Bg = (B, +,-,—,0,1) where

r+y=(@AY)V(TAY)
r-yYy=xNYy
—r=2x
Proof. Immediate by Proposition 3.4.2 and Definition 3.5.1. [ ]

Proposition 3.5.3. Fvery Boolean ring with unit B = (B,+,-,—,0,1)
is a Boolean algebra Ba = (B,V,\,”,0,1) where

tVy=x+y+x-y
TNYy=x-y
z+1

T

Proof. Immediate by a routine computation. For example, x VT =
z+ @+ ) +z-(z+)=14z-z+zx=14+z+z=1landx AT =
z-(z+l)=z-z+z=c+2=0. ]

Proposition 3.5.4. If B is a Boolean algebra then (Bg)a = B.
Proof. If B=(B,V,A,~,0,1) then
By = (B,+,-,—,0,1)
where
z+y=(xAY)V(TAyY)
r-yYy=xNYy
—r=z

Now if we take
(Bg)a = (B,U,M,*,0,1)

then
rUy=z+y+x-y

xMNy=x-y
r=x+1
We observe that

*=1+x=0AT)V(QAZ)=ZV0=T
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and
rlly=xz-y=x Ny
Moreover,
zUy=z4+y+z-y=z+y - l+z)=z+y-z* =
r+y-T=[xANYAT|V(TAYAT)=
[(zA@VDVEAY)=(@AYV(eAz)V(TAY) =
zV(TAYy)=xzVy
]
Proposition 3.5.5. If B is a Boolean ring with unit then (Ba)g = B.

Proof. Consider a Boolean ring with unit B = (B, +,-,—,0,1). The

structure
BA = (B7 \/, /\7_ 70? 1)

has the following operations:
tVy=x+y+x-y
TNYy=x-y
T=x+1

If further we take the structure

(BA)® - (Ba @a ®7 9707 1)

then
r@y=(xAY)V(TAY)
rTOY=xANYy
or =
We obtain

r@y= @AYV EAY) =AY+ VIe+1) Ay =

[z-(y+DIVI+1) gy ==y +a] Ve -y +yl =

[(-y)+al+ (@) +yl+z-y) +a]-[(z-y)+y] =
(z-y)tzt(@zy)+y+t(@zy (@ y+@ -y y+z (z y)+z y=

() +@-l+@+y+@-y)+z-(y-y)+@-2)y+ta-y=
O+@+y)+(@-y)+@y)+@y)+@y)=0++y) +0+0=2+y
For the second operation we obtain
TOY=TNYy=x-9y
and for the third operation we have
Or=x=—x

therefore the proposition is proved. [ ]
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Proposition 3.5.6. Consider a Boolean algebra B = (B,V,A,”,0,1)
and the Boolean ring with unit Bg = (B,+,-,—,0,1) associated to B.
The following identities are satisfied:

rx+y=axVy<=axAy=0;

r=y<<=z+y=0;

i) x+T-y=xVy.

Proof.
i) We have z +y = z V y if and only if

z-yVIT-y=xVy (3.33)

If each member of (3.33) is multiplied by z we obtain -7 = a2 V z - y.
But zVx-y = x therefore -y = x. This implies x < 7 and thus we have
x Ay =0.

Conversely, suppose = Ay = 0. It follows that x <7 and y < T. Equiva-
lently we can write x -y =x and -y =y. But c+y =2 -yVx-y. Thus
we have r +y =2V y.

i1) By Proposition 3.4.1 we have z = y if and only if z - gV T -y = 0.
Thus x = y if and only if z +y = 0.

i1i) Wehave t+Z-y = 2T - yVZT-T-y = - (xVY)VT-y = 2VT-y = xVy.
]

Remark 3.5.1. The previous results establish a bijection between the
class of Boolean algebras and the class of Boolean rings with unit.

Ezxample 3.5.1. Consider the particular case of the Boolean algebra M =
(2M u,N, C,0, M) endowed with the set theoretical operations

AUB={zxeM|xe€ Aorxe B}

ANB={zeM|ze€Aand x € B}
CA)=M\A
Then Mg = (2M,+,-,—,0,1) where
A+B=(ANC(B)U(BNC(A)=(A\B)U(B\A)

is the operation known as the symmetric difference of two sets. In addition
we have —A = A for every subset A of M.

Remark 3.5.2. The concepts of Boolean algebras and Boolean rings are
strongly connected. This can be observed by the fact that various results
from Boolean algebra are preserved in Boolean rings and vice versa. An
example of such a property is the following: if B; and By are Boolean
algebras and h : By — B, is a morphism of Boolean algebras then
h:(Bi1)g — (B2)g is a morphism of Boolean rings.



4. Case studies and related problems

This chapter can be considered as a complement of the previous chapters,
an illustration of the computation rules and the basic concepts for various
algebraic structures taken as universal algebras.

There are two objectives of this chapter:

e to emphasize a possible benefit obtained by the use of universal al-
gebras theory.

e to present several results that can hardly be introduced within the
previous chapters of this volume but these results help us to obtain
short solutions for various problems.

The reader can easy observe that some concepts as sublattice, subsemi-
lattice, Boolean subalgebra and other substructures are not developed
in the previous chapters. In this chapter we show that these substruc-
tures can be taken from the general theory of universal algebras. Several
properties for these particular algebraic structures are relieved.

4.1 Lattices

In this section we apply some general concepts of universal algebras such
as free algebras and subalgebras to lattice theory. In addition, because
the concept of distributive lattice is a main concept, we present several
useful properties of this structure. Among these properties we distinguish
a visual condition by which we can decide on a Hasse diagram of a lattice
whether or not the corresponding lattice is a distributive one.

4.1.1 Free lattices

The concept of Y-algebra free generated by a set, introduced in Chapter
1, was used in the study of Peano algebras as we shown in Chapter 2.
In this section we relieve another aspect concerning the applications of
this concept. We consider the following general problem: find the most
general lattice that can be formed satisfying some conditions.

In order to illustrate the treatment of such a problem we develop an
interesting idea taken from Grétzer (1971): find the most general lattice
generated by the set {a,b,c} such that b < a.
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M

Fig. 4.1. The extension of f

We denote by A = (A, V, A) the lattice satisfying the conditions imposed
above and consider M = {a, b, c}. We take

My =MyU{aVe,bVe,ahebAct

as in (1.3), where My = M.

We discern the following steps:

1) The elements of M; are pairwise distinct.

In order to prove this assertion we use Definition 1.4.3. For every lat-
tice £L = (L,U,N), every mapping f : M — L can be extended to a
morphism h : A — L as in Figure 4.1. Particularly we can apply this
property for the lattice £=({0,1,2}, <), where z Uy = maz{z,y} and
x My = min{z,y}. We choose the mapping f : M — B defined by
7(6) =0, fla) = 1, f(c) =2

Based on this choice we can verify that
a#aVe b#aVe
b#aNc, aNc#bAc
aVe#bAce, aVeF#alc

bVec#aNc, aVec#bAc

For instance, if by contrary we suppose a = aVc¢ then h(a) = h(a)Uh(c) =
f(O)U f(e) =002 =2, which is not possible because h(a) = f(a) = 1.
If we choose the mapping f(b) = 1, f(a) = 2 and f(c) = 0 then we can
verify that a ZaAe¢c,c#£aVcand aVc#bAec.
2) If we continue to compute M as in (1.3) then we have to consider the
elements a A (bV ¢) and bV (a A ¢). Until now we obtained the situation
presented in Figure 4.2.
Let us prove that

anN(dbVe)>2bV(aNc) (4.1)

From a > b and bV ¢ > b we deduce that
anN(bVe)>b (4.2)

We have also a > a and bV ¢ > ¢, therefore
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aVe bV (aAc)

a bVe b aVe

aN(bVec) bAc

Fig. 4.2. Hasse diagrams

anN(dVe)>aNc (4.3)

Now, from (4.2) and (4.3) we obtain (4.1).
We verify now that

(bV(anc)ANe=aAlc (4.4)
From bV (aAc) >aAcand ¢ > aAcwededuce bV (aAc) > aAc,
therefore

bV (aNc)ANe>aNe (4.5)

and from b < a we obtain bV (a A¢) < aV (aAc) = a, therefore
bV (anc)Ae<aAc (4.6)

Now (4.4) is obtained from (4.5) and (4.6). As a conclusion we obtained
the situation presented in Figure 4.3.

If we try to find other elements by joins and meets we observe that each
of these elements is equal to a given one. The reader can easy verify
that the Hasse diagram from Figure 4.3 gives a lattice of nine elements
satisfying the imposed conditions.

4.1.2 Sublattices

The reader can observe that in Chapter 3 dedicated to lattices we didn’t
define the concept of sublattice of a lattice. This is explained by the fact
that a lattice is an universal algebra and by Definition 1.3.5 we introduced
the concept of subalgebra of a algebra as well as the subalgebra generated
by a subset of an algebra.

Ezxample 4.1.1. We consider the set N = {0, 1,...} of all natural numbers
and the relation div C N x N defined as follows: x div y if an only
if x is a divisor of y. In other words, x divy if there exists a natural
number k such that y = x - k. The relation div is reflexive, antisymmetric
and transitive, therefore it is a partial order. We obtain the poset N =
(N, div). Moreover, N is a lattice because:
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aVec

bAc

Fig. 4.3. The lattice A

inf{z,y} = g.cd(z,y)

sup{z,y} = l.e.m(z,y)

where g.c.d(x,y) means "the greatest common divisor” and l.c.m(x,y)
means the ”least common multiple” of the corresponding numbers. Thus
N becomes an Ore lattice.
We consider the Dedekind lattice Npeq = (N, V, A) and the problem is to
find the least lattice of natural numbers with respect to div, which contains
the numbers 2,3 and 5. Equivalently this problem can be restated in the
language of universal algebras as follows:
Consider the set M = {2,3,5} and the algebra Npeq = (N,V,A). Find
the subalgebra (equivalently, the sublattice) generated by M in N.
In order to solve this problem we apply Proposition 1.3.4 to obtain the
closure of M in Npegq:

My = {27 3, 5};

M; = MyU{1,6,10,15};

Mg = M1 U {30}7

M3 = M,
It follows that M = {1,2,3,5,6,10,15,30}. Because M is a finite set,
the operations of the sublattice M = (M, V, A) can be represented as in
Table 4.1 and Table 4.2.
These two tables give a complete description of the operations from M.
But we have also a graphical method to represent a poset, particularly
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sup | 1 2 3 5 6 | 10 | 15 | 30
1 1 2 3 5 6 | 10 | 15 | 30
2 2 2 6 [ 10| 6 | 10 | 30 | 30
3 3 6 3 115 6 |30 |15 30
5 5 10 [ 15| 5 | 30| 30| 15 | 30
6 6 6 6 [ 30| 6 | 30 | 30 | 30
10 | 10 | 10 | 30 | 30 | 30 | 10 | 30 | 30
15 15 [ 30 [ 15 | 15| 30 | 30 | 15 | 30
30 |30 | 30|30 |30 (30|30 30] 30

Table 4.1. The operation sup
inf |1]23]5]6]10] 15 30
1 111|111 1 1 1
2 1121612 2 1 2
3 1113131 3 3
5 1|11 |1](5[1] 5 5 5
6 1121316 2 3 6
10 (12|15 [2]10] 5 |10
15 [ 1|13 |5 3] 5 |15 |15
30 |1 (2356|1015 30
Table 4.2. The operation inf
30
6
15
37 Lo
2
5

1

Fig. 4.4. Hasse diagram for M

51
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a lattice. This is the Hasse diagram and for M this representation is
given in Figure 4.4. The reader can compare the representation method
by tables and by Hasse diagrams.

A slight version of the previous problem is presented in the next example.

Ezample 4.1.2. We consider the set N = {0, 1, ...} of all natural numbers
and the relation div C N x N. As we observed in the previous example,
the structure N' = (N, div) is a poset. Moreover, N is an Ore lattice and
inf{z,y} = g.cd(z,y), sup{z,y} = l.c.m(z,y). Thus N is both a join
semilattice and a meet semilattice with respect to div. We consider the
following problem, which is immediately solved:

Find the join subsemillatice N; and the meet subsemilattice N, generated
by the set M = {2,3,5}.

30
6
15 3
3 10 2
5
2
°5
join subsemilattice ./\/'J meet subsemilattice N,

Fig. 4.5. Subsemilattices generated by M

Applying Proposition 1.3.4 we obtain the closure of M with respect to
the operation V:

Mo ={2,3,5}

M1 = MO U {6, 10, 15},

M2 = M1 U {30},

Ms = Ms
It follows that M = {2,3,5,6,10, 15,30} and the join subsemilattice N
is represented in Figure 4.5.
For the closure of M with respect to A we obtain

MO = {25375}5
My = My U {1};
My = M,

and the corresponding Hasse diagram for A, is drawn also in Figure 4.5.
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4.1.3 Distributive lattices

The next two results help us to obtain a useful characterization for the
distributive lattices.

Proposition 4.1.1. The following inequality holds in any lattice:
(xVy)A(xVz)ZaV(yA(xVz)) (4.7)
Proof. Obviously we have z Vy > x and x V z > x therefore
(xVy)AN(xVz)>2x (4.8)

We have also
xVy>yA(zV2) (4.9)

because zVy >y >y A (xVz) and
xVz>yA(zVz) (4.10)

because (zVz)A(yA(zVz))=yA(zVz).
From (4.9) and (4.10) we obtain

(xVy)A(xVz)>yA(xVz) (4.11)
and from (4.8) and (4.11) we obtain (4.7). |
Corollary 4.1.1. In any lattice we have

(xVy)A(xVz)>aV(yAz) (4.12)
Proof. From (4.7) we have

(xVyA(xvz)>aVyA(xVz)>zV(yAz)
because zV z > zand y A (xVz) > yAz. |

Proposition 4.1.2. (Grdtzer (1971))
A lattice L = (L, V, N\) is distributive if and only if the following inequality
18 satisfied for every x,y,z € L:

(xVy)ANz<zV(yAz) (4.13)
Proof. If £ is a distributive lattice then
xV(yAz)=(xVy) A(zVz)

therefore (4.13) is true since 2V z > z.
Conversely, suppose (4.13) is verified. Take the arbitrary elements a, b, ¢ €
L. If we apply (4.13) for x = a, y = b and z = a V ¢ then we obtain

(avb)A(aVve)<aV(bA(aVc)=aV((aVe)Ab) (4.14)
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Taking x = a, y = ¢, 2 = b in (4.13) we obtain
(avVe)Ab<aV(cAb)=aV (bAc) (4.15)
From (4.14) and (4.15) we obtain
(avb)A(aVe)<aV(bA(aVe)<aV(aV(bAc)) (4.16)

But
aVaVv(dnre)=(aVa)V(brc)=aV (bAc)

therefore from (4.16) we obtain

(avb)A(aVve)<aV(bAc) (4.17)
Applying (4.12) we obtain

(aVb)A(aVe)>aV(bAc) (4.18)
therefore from (4.17) and (4.18) we have

(avVb)A(aVve)=aV(bAc)
In other words, the lattice L is distributive. [

Proposition 4.1.3. (Grdtzer (1971))
In any lattice the following properties are equivalent:

(xAy)V(eAz)=xA(yV(zAz)) (4.19)
x>z= (xAy)Vz=xA(yVz) (4.20)

Proof. Suppose (4.19) is satisfied. If > z then z A z = z therefore
(4.19) becomes (z Ay)V z =z A (yV z). Conversely, suppose that (4.20)
is satisfied. Consider the arbitrary elements a,b and ¢ and take x = a,
y=>band z =a A cin (4.20). We obtain

(anb)V(aAc)=aNn(bV(aAc))
and thus (4.19) is verified. |

Definition 4.1.1. A lattice satisfying (4.19) or (4.20) is named mod-
ular lattice.

Remark 4.1.1. The property (4.19) or (4.20) is named modular law.

An useful property is presented in the next proposition.

Proposition 4.1.4. A lattice L = (L,V,A) is modular if and only if
r<z=zxzV(yAz)>(xVy Az (4.21)

for every x,y,z € L.
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Proof. The direct implication is obtained immediately. If the lattice is
modular then by (4.20) we have

z>rx= (zANy)Ve=zA(yVe)

therefore (4.21) is verified.
Conversely, if < z then from (4.12) and (4.21) we deduce

(xVyNzzazV(yAz) > (xVy Az
therefore (xVy) Az = a2V (y A z). In conclusion, if (4.21) is satisfied then
z2r= (zVy)Az=zV (yAz)
and by (4.20) and Definition 4.1.1 the lattice is modular. |
Proposition 4.1.5. FEvery distributive lattice is modular.
Proof. Suppose x > z. Because the lattice is distributive we have
(xAy)Vz=(xV2)A(yVz)=zA(yVz)

therefore the lattice is modular. [ |

Ns Ms
Fig. 4.6. Hasse diagrams for N5 and Ms

Proposition 4.1.6. (Burris (1981), Grditzer (1971)) Consider the lat-
tice N5 depicted in Figure 4.6. The lattice L=(L,V, ) is modular if and
only if L has no sublattice isomorphic to N.

Proof. Obviously N5 is not a modular lattice. For instance, in Figure
4.6 we have bV (aAc) =bVd=band (bVa)AN(bVec)=eAc=mc,
therefore this lattice is a non distributive one. Thus £ is not a modular
lattice.

Conversely, suppose L is a non modular lattice. By Proposition 4.21 there
are x,y, z € L such that z < z and
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xV(yAz)<(xVy)Az (4.22)

We consider the elements a =V (y A z) and b = (zVy) A z. From (4.22)
we have a < b.
Using the elements a and b we shall obtain a sublattice of £ isomorphic
to NVs. In order to obtain this sublattice we observe that:
eyAb=yA[xVy) Azl =[yA(@Vylrz=yAz
eyVa=yVizV(yAz)]=aVyV(yAz)=yVuxz;
e y Az <abecause a =z V (y A 2);
e b <yVuzbecause b= (zVy)Az;
e yANz<a<btherefore yAz=yA(yAnz)<yAa<yAb=yAz
and thusyAz=yAb=yAa;
o yVa >bthereforeyVa=yV(yVe)>yvVb>yVa=yVae
and thusyVe=yVa=yVb.

Fig. 4.7. Hasse diagram

The Hasse diagram for the set {a,b,y,y A z,y V x} is depicted in Figure
4.7. We obtained a sublattice of £ that is isomorphic to N5 and the
proposition is proved. [ |

Proposition 4.1.7. (Gratzer (1971), Burris (1981)) Consider the lat-
tice My depicted in Figure 4.6. A modular lattice is distributive if and
only if it has no sublattice isomorphic to Ms.

Proof.
The lattice M3 is not distributive. Consider the lattice from Figure 4.8.
We have

aV{bArc)=aVd

(avVb)A(aVec)=eANe=c¢e

therefore this is not a distributive lattice.
Conversely, suppose that £ = (L, V, A) is a modular lattice but it is not
a distributive one. There exist x,y, z € L such that

(xAy)V(eAz)£xA(yV2) (4.23)
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d

Fig. 4.8. Hasse diagram for Mj

The dual of (4.12) is the relation
(xAy)V(eAz)<zA(YyVz) (4.24)

and by Corollary 4.1.1 the relation (4.24) is satisfied by every lattice.
From (4.23) and (4.24) we deduce that the elements x,y and z satisfy
the relation
Ay V(eAz)<zA(YyVz) (4.25)
Using these elements we denote:
a=(xAy)V(EAz)V(yAz)

Vv (
b=(xVy AxVz)AyVz)

a=aV(zxAb)
B=aV(yAnb)
y=aV (zADb)

Let us prove first that a < b. Taking into account the definition of a and
(4.25) we obtain
a<[zA(yV=z)V(HyAz) (4.26)

But £ is a modular lattice and y A z < y V z, therefore
(YA)VIyVz)Aa]l=(yVz)A[(yAz)Val (4.27)
therefore from 4.26 we deduce
a<(yVz)A[(yAz)Vz (4.28)
But y Az <y and y A z < z therefore
zV(yAz)<zVy

xV(yAz)<zxVz
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It follows that
xV(yAz)<(zVy AzV2) (4.29)

From (4.28) and (4.29) we obtain
a<(yvz))A(xzVy)A@Vvz)=>
We have the following computations:
zAb=xzAN@VyYA@Vz)A(yVz)=xA(yVz) (4.30)
xANa=zA[(zAy)V(xAz)V(yAz) (4.31)
We observe that
zV[(zAy)V(EAz)]=azV(zAz)==z

therefore (x Ay) V (z A 2) < x.
Applying the modular law in (4.31) we obtain

zha=[a Ay V(@A) AV YA =(@Ay)V(zA2)
because [(z Ay) V (z Az)] <z < [zV (yAz)]. Thus
xAha=(xAy)V(xAz) (4.32)
Using (4.25), (4.30) and (4.32) we obtain
rAa<zAb (4.33)

But a < b therefore if we suppose a = b then A a = A b, which is not
true by (4.33). Thus we proved that

a<b (4.34)

We prove now the following relations:
aNfB=ahNy=0BANy=a (4.35)
aVB=aVy=pVy=hH (4.36)

We shall prove only the relation a A 3 = a and based on this model the
reader can perform the computations for other relations.
Replacing o and § by their values we obtain:

aANfB=laV(AD)]AlaV(yAb)]=[(yAb)Va]AlaV (zAd)]
But a < aV (y A b) therefore by the modular law we have
aNfB=aV{[(yAb)Va]A(xAb)}
But a < b therefore by the modular law we have

(yAb)Va=bA(aVy)
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therefore
aANf=aV{bA(aVY]A(xAb)}=aV[xAD)A(aVy)]
Thus we obtained the relation
aANfB=aV[(zAb)A(aVy) (4.37)
because (z A b) Ab=x Ab. Using the absorption law we obtain
zAb=xzA@VyY)A@Vz)A(yVz)=xA(yVz2)
aVy=yVa=yV(@Ay)V(@Az)V(yAz)=yV(xAz)
Replacing this entities in (4.37) we obtain
anNfB=aV{zAyVz)AyV(zAz)|} (4.38)
But y < y V z therefore by modular law we have
(V) AlyV(zAz)]=yVIyVz)AlzAz)
therefore from (4.38) we obtain
anNB=aV{zAlyVlyVz)A(xAz2)]} (4.39)

But (yVz)A(xAz)=xAzA(yVz)=aAz by absorption, therefore
from (4.39) we obtain

anNf=aV{zAyV(xAz2)} (4.40)
Using again modular law we have
eAyV(@Az))=zA[(zAz)Vyl=(@Az)V(xAy)
therefore from (4.40) we obtain
aANf=aV((xA2)V(zAy)) =
(zAy)VeAz)VyAz)V({(zA2)V(zAy)) =
(xAy)V(EAz)V(yAz)=a
Finally let us observe that
a<aV(zxAb) =«
a<bV(zxAb)=b

therefore a < av < b. similar we have a < < band a <y <b.

In conclusion, the Hasse diagram of the set @ = {«, 3,7, a,b} is repre-
sented in Figure 4.9 and we obtain a sublattice Q of £ such that Q is
isomorphic to M.
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b

a

Fig. 4.9. Hasse diagram for Q

4.2 More about Boolean algebras

4.2.1 Morphisms of Boolean algebras

We consider the Boolean algebras B = (B,V,A,”,0p,1p) and K =
(K,U,m, *,0x, 1x). If we consider these structures as universal algebras
then a morphism h : B — K is a mapping h : B — K that satisfies
the following conditions:

h(z Vy) = h(z) Uh(y) (4.41)
h(zx Ay) = h(z) mh(y) (4.42)
W) = (h(2)* (4.43)
h(0p) = Ok (4.44)
h(1p) = 1k (4.45)

In this section we show that not all these identities are independent
and thus we obtain a short characterization for a morphism of Boolean
algebras.

Proposition 4.2.1. We have the following equivalences:
{(4.41),(4.42), (4.43),(4.44), (4.45)} < {(4.41), (4.43)}
{(4.41),(4.42), (4.43),(4.44), (4.45)} < {(4.42), (4.43)}

{(4.41),(4.42),(4.43), (4.44), (4.45)} <> {(4.41), (4.42), (4.44), (4.45)}

Proof. We have the following implications:
1) (4.41), (4.43) = (4.42):

h(z Ay) = Wz Ay) = (MTAy)" = (h(TVy))* = (h(z) YUh(Z))" =

((h(@))* © (h(y))*)* = (b)) @ (A(y))™) = h(z) A h(y)
9) (4.41), (4.43) = (4.44):
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h(0g) = h(z AT) = h(z) @ h(Z) = h(z) M (h(z))* = 0k
3) (4.41), (4.43) = (4.45):
h(lg) = h(x VE) = h(x) UK(Z) = h(z) U (h(x))* = 1k

Similar we prove the other implications. [ ]

4.2.2 Stone theorem (finite case)

In this section we present a fruitful result known as Stone theorem. The
result is proved only for the particular case of the finite sets. Various
applications use this result.

Definition 4.2.1. Consider a Boolean algebra B = (B,V,A,”,0,1). An
atom of B is an element a € B such that a # 0 and for every x € B
from 0 <z < a we deduce x =0 or x = a.

Remark 4.2.1. Various interesting properties of a Boolean algebra can
be characterized by means of this concept. For example, B = {0,1} if
and only if 1 is an atom of B. Really, if 1 is an atom then by Definition
4.2.1 for every x € B we have z = 0 or x = 1 therefore B = {0, 1}. The
converse implication is immediately obtained by the same definition: if
by contrary, 1 is not an atom then there is x € B such that 0 < z < 1,
therefore B contains at least three elements.

A trivial example of Boolean algebra is
M= (2" u,n,C,0,M)

where U and N are set theoretical union and intersection and C(A) =
M \ A. Let us characterize its atoms.

Proposition 4.2.2. The element A € 2M is an atom of M if and only
if A is a singleton.

Proof. If A is an atom then A # () and for every K € 2™ from () C
K C A we deduce K = () or K = A. If by contrary A is not a singleton
then consider b € A, take K = {b} and we have ) C K C A, therefore
A is not an atom of M. The converse implication is obviously true. The
Boolean algebra M = (2™, U,N, C, (), M) is named the Boolean algebra
of the power set of M. [

Proposition 4.2.3. In every finite Boolean algebra B = (B,V,A,” ,0,1)
the following property is satisfied: for every x € B\ {0} there exists an
atom a € B such that a < x.
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Proof. Suppose € B\ {0}. Denote y; = . Either y; is an atom
and in this case the property is verified, or there is yo € B such that
0 < y2 < y1. Now we repeat the previous reasoning. Either y- is an atom
or there is y3 € B such that 0 < y3 < y2 < y1. This process is finite one
because B is a finite set. ]

Proposition 4.2.4. If v and y are atoms and x # y then z Ay = 0.

Proof. The element y is an atom and 0 < zA < y therefore either
xANy =0o0rzAy =y If x Ay = 0 then the property is satisfied.
Otherwise = < y because from z Ay = y we deduce & < y. Thus we have
0 < x < y and this relation is not possible because y is an atom. [ ]

Proposition 4.2.5. If B = (B,V,A,”,0,1) is a finite Boolean algebra
and A is the set of all its atoms then for every x € B\ {0} we have

r= |J «a (4.46)

Proof. We denote
Ay ={acAla<z}

and we prove that x = supA.,.

Directly from the definition of A, we observe that x is an upper bound
for A,. Suppose that z is also an upper bound for the same set. We
verify first that « < z. By contrary we suppose = £ z. Equivalently we
have z-Z # 0. Applying Proposition 4.2.3 it follows that there is an atom
ap € A such that ag < z-Z. But 2-Z < x therefore ag < z. In other words,
ag € A;. The element z is an upper bound for A, therefore ag < z. From
the inequality ag < x-Z we deduce ag < Z and if we combine this relation
with ag < z then we obtain ag = 0, which is not possible because aq is
an atom. Thus the assumption x £ z is false, therefore x < z and the
proposition is proved. [ |

Proposition 4.2.6. (Stone theorem) Every finite Boolean algebra is iso-
morphic to the Boolean algebra of the power set of its atoms.

Proof. Consider a finite Boolean algebra B = (B, V,A,”,0,1) and de-
note by A the set of its atoms. By Proposition 4.2.3 we have A # (). We
define the mapping h : B — 24 by

hiz) ={a€ Ala <z}

The following properties are satisfied by h:

1) The mapping h is surjective.
Consider Y C A. Denote z = supY. Obviously Y C h(z) because if
y €Y then y € A and y < z. Conversely, consider a; € h(z) and let us
verify that a; € Y. By contrary we suppose a; ¢ Y. For every y € Y we
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have 0 < y A a; < a;. But a; is an atom therefore by Proposition 4.2.4
we have y A a; = 0. It follows that y < @;. This inequality is satisfied
for every y € Y therefore @; is an upper bound for Y. But z = supY
therefore < @; and thus x A a; = 0. We observe that a; < z because
a1 € h(z). It follows that a; A © = a; and thus a; = 0, which is not
possible because a; is an atom.
2) The mapping h is a morphism of Boolean algebras.

The condition

h(z Ay) = h(x) N h(y) (4.47)

is verified because the following conditions are equivalent:
a € h(x Ay)
acAanda<zxzAy
acA;a<zanda<y
a € h(z) N h(y)
The following condition is also verified:

h(z) = C(h(z)) (4.48)

Really, if a € h(Z) then a € A and a < Z. If by contrary we suppose that
a € h(z) then a < z and therefore a < x AT = 0, which is not possible
because a € A.
Conversely, suppose a € C(h(x)). It follows that a € A\ h(z) because
C(h(z)) = A\ h(z). We observe that 0 < a Az < a and a € A. Suppose
a A x = a, therefore a < x. In this case a € h(x), which is not possible.
It remains that a A z = 0, therefore a <Z. Thus a € h(ZT).

3) The mapping h is injective.
Suppose h(z) = h(y). In other words,

{a€eA|la<z}={a€cA|a<y} (4.49)
Using (4.46) and (4.49) we obtain
x = U a= U a=vy
a€A,a<z a€A,a<y
and the proposition is proved. [

Corollary 4.2.1. If B is a finite Boolean algebra containing n atoms
then B has 2™ elements.

Proof. By Stone theorem The Boolean algebra B is isomorphic to the
Boolean algebra (24,U,N, 0, A), where A is the set of all atoms of B. If
the cardinal of A is n then the cardinal of the set 24 is 27. [
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Remark 4.2.2. The structure represented in Figure 4.4 is a Boolean al-
gebra and the set of its atoms is A = {2,3,5}. We observe that this
structure contains 22 = 8 elements. The mapping h from Proposition
4.2.6 is the following:

h(0) = 0; h(2) = {2}; h(3) = {3}; 1(5) = {5}
Moreover, we have the following computations:
h(2) = C(h(2)) = A\ {2} = {3,5} = h(15)

therefore 2 = 15;

h(3) = C(h(3)) = A\ {3} = {2,5} = h(10)

therefore 3 = 10.
Similar we obtain 5 = {6}, 6 = {5}, 10 = {3}, 15 = {2}, 0 = {30} and
30 = 0.

Remark 4.2.3. Various ”Stone concepts” can be encountered in litera-
ture: Stone lattice, Stone space, Stone isomorphism, Stone algebra, Stone
duality etc. We observe that only the finite case for the Stone theorem is
treated in this section. The general case is treated by reference books as
Rasiowa and Sikorski (1963), Grétzer (1971), Grétzer (1978).



5. Connections and perspectives

Several implications of the lattices in computer science can be relieved.
In this section we present some aspects which can invite the reader to find
possible subjects for their research.

First of all we relieve the fact that the treatment of this volume is not an
exhaustive one. In preparing this volume we taken into account the following
aspects:

- we intended to offer a self contained volume for those readers which are
interested to study the use of universal algebra in knowledge representa-
tion by inheritance, labeled stratified graphs and semantic schemas; the
reader can find various references to these concepts and methods in the
last part of this section and also in the References part of this volume;

- we intended to introduce the reader into some algebraic domain with
large perspectives both in applied mathematics and theoretical computer
science;

- the persons interested in this domain can themselves to accomplish a
supplementary documentation to find a proper research line, to develop
theoretical results or to discover practical applications.

1. An excellent book in the domain of lattice theory is Rudeanu (2001),
which is strongly connected by the book Rudeanu (1974). Several ap-
plications of lattices and Boolean algebras are described in the following
domains: graph theory, automata theory, synthesis of circuits, fault detec-
tion in combinational circuits, marketing, databases, numerical analysis.

2. The concept of lattice is strongly implied at the frontier of mathematics
and computer science.

e A first implication we relieve here is in the theory of confidence,
which enables us to attribute degrees of confidence to propositions. The
degrees of confidence are characterized by the elements of an appropriate
lattice with first and last elements. They are attributed to the formulas of
a language when the propositional variables are interpreted as denoting
specific vague statements. In order to do so, let (L,LI,1,0,1) be a lattice
with first and last elements. As usual we denote by < the partial order
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of L. If F' is the set of formulas let C : FF — L be a mapping satisfying
the following conditions, where I is a finite set of indices:

Clah—-a)=0
ClaV-a)=1
C(Vierai) > Uie1C (i)
C(Nierai) < MierCloy)

If +a« Bthen C(a)=C(fB)

Such a mapping C is called a confidence function. Depending on the
applications, the above conditions can be extended. For example we can
introduce the following condition:

If Fa— Bthen C(a) < C(P)

The reader can find in Costa and Krause (2002) a proposal for an algebra
of confidence with large implication in the study of vagueness and other
kinds of propositional logic (propositions are vague in some sense but,
despite their vagueness, they can be believed with a certain degree of
confidence). The reader can find rich ideas if follows the research line of
da Costa.

e A second implication of the lattice theory can be encountered in
Ginsberg (1986), where the structure of bilattice is presented and the
applications in logic programming are discussed. A bilattice is a structure
(B, <¢, <k, ) consisting of a non-empty set B, two partial orderings <;
and <; on B and a mapping — : B — B such that:

(B, <t) and (B, <j) are complete lattices;

TSy = Y S

T <p Y= 7T <k Y

—x =
The negation operator establishes the connection between the two or-
derings. The reader interested in the domain of logic programming can
find an interesting study of the distributive bilattices and the fixpoint se-
mantics using bilattices (and interlaced bilattices) in Fitting (1990) and
Fitting (1991).

e A third major implication of the lattice theory is connected by
fuzzy theory. We only underline here this fruitful research line because
there is a great number of papers and books related of this subject
(Ajmal and Thomas (1994), Kehagias (2004) etc).



Connections and perspectives 67

3. Various applications of Boolean functions can be relieved. We intend only
to present this concept here and to establish a possible research line.
In a Boolean algebra (B,V,A,”,0,1) we denote #° = Z and 2! = z. A
Boolean function of n variable is a mapping f : B® — B such that for
every xi,...,T, € B we have

flay, 2o, xy) = \/ flag,...,an)a]t .. xpn (5.1)

al,..qane{o,l}

Not every mapping can be written as (5.1). For example, take B =
{0,1,a,a} and the mapping of one variable f : B — B defined by
f(a) = 1 and f(0) = f(1) = f(a) = 0. If we suppose that this is a
Boolean function then f(z) = f(0)-ZV f(1) -z = 0 for every x € B
and this property is not true. Thus f is not a Boolean function. Var-
ious aspects related to Boolean functions and equations are treated in
Rudeanu (1974).

4. The study of non Boolean functions defined on Boolean algebras can open
various perspectives in the research work. A possible research line in this
domain is in connection with the concept of generalized Boolean function
introduced in Tandareanu (1981) and developed in a subsequent papers.

We consider a finite set A = {a1,...,a,} such that {0,1} C A C B,
where B is a Boolean algebra. We denote by G(A) the set of all functions

g:AxB—B
such that
9(0,0) =¢(1,1) =1
and for every x € B the set {g(a1,z),...,g(an,z)} is orthonormal:

glar,a) V...V glan,z) = 1

g(ahx) ! g(a’j7x) = O> { #]
If g € G(A) then the mapping f : B® — B is a g-generalized Boolean
function if it satisfies the following identity:

flz1,22,...,2p) = \/ fla,. .. an)g(ar,z1) ... glan, )

ai,...,an€A

A mapping f : B" — B is an A-generalized Boolean function if there
is g € G(A) such that f is a g-generalized Boolean function.

If we denote by BF,,(B) the set of all Boolean functions of n variables
defined on B and by GBF, (A, B) the set of all A-generalized Boolean
functions then

BF,(B) C GBF,(A,B) c B®" (5.2)
The monotonicity of the generalized Boolean functions of one variable is
studied in Tandareanu (1985b) and the concept of partial derivative is
studied in Tandé&reanu (1985a).
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5. The following research directions can be developed:

Based on (5.2) try to approximate a generalized Boolean function by
means of Boolean functions.

Based on the concept of interval in a Boolean algebra study those
generalized Boolean functions that are Boolean function on some
intervals.

Identify classes of generalized Boolean functions satisfying various
restrictions (isotone on some intervals and antitone on other intervals
etc).

The Boolean functions were successfully applied to combinational
circuits. Identify a corresponding application for generalized Boolean
functions.

The Boolean functions were applied to solve Boolean equations. In-
troduce the concept of generalized Boolean equation and find meth-
ods to solve these equations. Extend this problem to systems of such
equations. Find problems that can be modeled by such equations.

6. The reader interested to accomplish a detailed study concerning the im-
plications of these structures in logic (category theory, Heyting algebras)
can use Bugneag (1997). An interesting presentation of the connections
between universal algebras and a branch of logic called model theory can
be found in Burris (1981).

7. The following arguments can be used to argue the interest in the struc-
tures presented in this volume:

The implications of the lattice theory into computability of the
answer mapping for inheritance based knowledge systems can be
observed in the papers Tandareanu (1999), Tandareanu (2001b),
Téandareanu (2002a), Tandareanu (2003d) as vwell as in the book
Téandédreanu (2004e).

The concepts of Peano algebra, morphisms of partial algebras and
semilattices are deeply used to introduce two mechanisms for knowl-
edge representation: labeled stratified graphs (Tandareanu (2004b)
etc) and semantic schemas (Tandareanu (2004c) etc)
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