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Let:
D =[a,b] x [¢,d] C R?
(‘rOvyO) eD

ug € R, S =[ug—r,up+7], r€(0,00)
and the functions f,g: D x S — R which have the following properties:
(a) f,g € CY(D x S)

0 0 0 0
(0) G ) + G (o)) = 520 + 52 0, ),

for (z,y,u) € D x S.
We consider the nonlinear system with partial differential equations of first

order: 5
8_Z(x7y) = f(x,y,u(x,y))
o ey €D (1)
8_y(‘r7y) = g(x,y,u(x,y))
so that:
u(zo,Y0) = uo (2)

Theorem 1. The functionu : D — R is solution on D for the problem (1)&(2)
if and only if u is a continue solution on D for the integral equation :

umw=m+[3@%mmeafammmew 3)

Yo
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Let:
I £1l = sup{|f (@, y, )|, (z,y,u) € D x S}

lgll = sup{lg(z,y,u)l, (x,y,u) € D x S}
M = max{|[f]llgll}

h = min {min{b — o, Lo — G}, ﬁ}

. . T
k = min {mm{d—yo,yo _C}’W}
II =[zo — h,zo + h] X [yo — k,yo + K]

Theorem 2. (1)The sequence of real functions (uq), defined on the rectangle
1T as follows:

uo(z,y) = ug
u;v-‘rl(-f»y) =uo + fllo f(s, y,up(s, y))ds + fyyo g(xo,t, up(xo,t))dt, p=>0
(4)

is uniformly convergent on the rectangle Il and its limit uw is a solution of
(1)&(2);
(2)The Problem (1)&(2) has a single solution u : IT — R.

For the numerical solving of the problem (1)&(2) or, equivalent, of the
integral equation (3), we will propose the following algorithm which consist in:
(7) The discreteness of the rectangle IT determined of the points:

h
£i=x0—h+(i—1)—, 1<i<2m+1
m

. k , (5)
Uj:yo—k+(J—1)ﬁ, 1<j<2n+1

(74) The use of a numerical integration method (Step 4.1) and an algo-
rithm for the numerical convergence acceleration (the Richardson algorithm,
Step 4.4) for the integrals on the equality:

i
f(37 Uj,up(& nj))ds + / g(gm-‘rl, t, uiv(gm-&-l, t))dt

i
up+1(£’i777j) = Up +/
NMn+1
(6)

§m+1

The calculus finishes when:

lﬁirrﬁlgxm—&-l | up+1(§i777j) - up(gun_j) |< g,
1<5<2n+1
where ¢ is admissible error.
For m,n € N* the algorithm is the following:
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Stepl: mg=m,ng=n
Step2: Fori=1,2,....2m+ 1:

fz':l‘o—fH‘(i—l)ﬁ
m
Forj=12,..2n41:
77j=yo—/<1+(]'—1)E
Step 3: Fori=1,2,....2m+1:
Forj=12,..2n4+1:
(&, 15) = uo
Step4: Forp>0:
Step4.1: Fori=1,2,....2m+1:
Forj=1,2,..2n+4+1:
up+1(&isnj) = uo + S1p(&i, 15) + S2p(Emt1,M5)
Step 4.2: Fori=1,2,...2m+1:
Forj=1,2,..2n+4+1:
wo (i, J) = p41(&i, ;)
Step 4.3: For s=1,2,....,7, r € N*:
m=2m
n=2n
Step 2
Step 4.1
Fori=1,2,....2mg+ 1:
Forj=1,2,...2n0+1:
ws(i,j) = up+1(£25(i71)+177725(_]’71)-&-1)
Step 4.4: m = my
n=mno
Step 2
Fori=1,2,...2m+1:
Forj=1,2,...2n+4+1:
Apply the Richardson algorithm for :
wo(i,j),wl(i,j),...,w,,.(z',j)
up1(&,my) = RY
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